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SUMMARY 
Payload transportation via connected modular unmanned aerial vehicles 
(UAVs) is an emerging new area that offers unique advantages over other 
forms of aerial logistics. When considering rigidly attached modular 
vertical lift UAVs, differing payloads and vehicle attachment geometries 
have a significant effect on the composite aircraft’s dynamic response 
during takeoff and stabilization. With no prior knowledge of payload 
parameters or vehicle attachment geometry, there is no inherent 
flightworthiness guarantee for a specific connected configuration. On-
ground flightworthiness determination can be used to ensure acceptable 
performance during vehicle take-off or to prescribe changes to the vehicle 
attachment geometry if necessary. This work introduces an algorithm to 
determine flightworthiness while in partial ground contact by estimating the 
vehicle attachment positions and payload weight. The algorithm utilizes a 
probabilistic estimate of vehicle placement about the payload derived 
through a Bayesian learning technique to generate the necessary data to 
deterministically estimate the attached vehicles’ positions. Following a 
description of the algorithm, simulation results are presented to illustrate the 
performance of the algorithm for a variety of modular aircraft 
configurations. The algorithm is experimentally validated through a series 
of tests using prototype modular vehicles.  
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CHAPTER 1. INTRODUCTION    
Unmanned aerial vehicles (UAVs) have become increasingly popular for a variety of 
missions ranging from surveillance to payload transportation.  The vast majority of UAV 
research and development has focused on the operation of single vehicles, oftentimes 
serving as a direct replacement for manned vehicles performing a similar mission.  An 
exception to this is the emerging research area of swarming UAV operations. In this context 
UAVs are physically separate and interact through some type of cooperative control 
algorithm to collaboratively perform a mission. For the specific mission of payload 
manipulation and transportation, prior research has focused largely on use of single 
vehicles [1].  Nevertheless, numerous advantages may be obtained by performing payload 
transportation missions using cooperative teams of UAVs that attach to a payload either 
manually [2] or autonomously [3-6]. These advantages include scalability as well as 
portability considerations.  For instance, to lift payloads of various weights, an operator 
may use a larger number of the same aircraft, rather than needing separate aircraft for 
different weight classes.  This may ease logistical burden significantly.  Likewise, a 
modular approach allows lifting capacity to be distributed across numerous smaller 
vehicles.  In this manner, large lifting capabilities can exist in distributed, human-
transportable packages. Due to these properties, the use of cooperative UAVs for search 
and rescue missions has been explored [7-9]. While this type of system provides clear 
advantages, numerous challenges arise including problems of control allocation [10] and 
of cooperative flight control in particular. The cooperative flight control problem has been 
investigated for a wide range of transportation scenarios [11-18] including cases where the 
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team of UAVs were unable to communicate with each other [19, 20]. This cooperative 
flight control problem involving physically connected vehicles becomes even more 
difficult in cases where the inertial characteristics of the payload are largely unknown.  This 
is likely to be the case in practical scenarios, where teams of vehicles are deployed to carry 
payload items which have not be carefully surveyed and weighed. 
 Recently several authors have begun to explore this emerging field of cooperative UAV 
manipulation.  Lindsey et al. [21] proposed a new model for construction of Special Cubic 
Structures using teams of quadrotors. Although Lindsey et al. did not address cooperative 
lifting, the research served as a proof-of-concept and as a starting point for future research 
into collaborative payload transportation and manipulation. Duffy and Samaritano [22] 
explored the scalability of payload transportation using modular, multi-vehicle propulsion 
and commented on the feasibility of the approach. A similar, small-scale approach to 
cooperative flight of modular vehicles was presented by Oung et al [23]. The approach of 
tethering the vertical lift vehicle(s) to a payload has been a topic of recent research [24-
26]. Sreenath et al [27] introduced trajectory planning for cooperative transportation of a 
cable-suspended payload by multiple quadrotors.  
When considering cooperative UAV manipulation, the in-air stabilization of differing 
payloads is dependent on the robustness of the active controller and/or the ability of an on-
board observer to estimate the inertial parameters of the payload. Mellinger et al [28] 
successfully used multiple quadrotors to transport differing payload configurations. This 
cooperative control algorithm was developed under the assumption that all inertial 
parameters of the payload were known a priori and thus is unsuited for payloads with 
unknown weight and mass distribution. Transportation of a payload with uncertain mass 
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characteristics by a single quadrotor has been approached using several different control 
strategies. In subsequent work Mellinger et al [29] developed a method to obtain online 
estimates of a payload’s weight and mass center location using a grasping quadrotor. The 
method requires the attached payload to achieve hover, then runs a least squares estimator 
on the static system’s state vector to obtain the parametric corrections. By requiring the 
system to achieve hover, the approach makes the assumption that onboard control is robust 
enough to lift and stabilize the unknown payload and ignores the issue of flightworthiness 
determination. A similar approach was proposed by Abas et al [30] who utilized a full-
state Unscented Kalman Filter to identify unknown system parameters of the quadrotor. 
Burri et al developed a maximum likelihood batch estimator to approximate the inertia 
matrix, mass center location, and certain aerodynamic parameters of a micro air vehicle 
[31].  Min et al [32] propose the use of Adaptive Robust Control (ARC) to compensate for 
the unknown weight of the payload, but make the assumption that the mass center of the 
system is a known parameter. This assumption limits the range of applicable payloads that 
the ARC can handle and adds the burden of prior payload characterization onto the (likely 
human) operator. Achtelik et al [33] proposed using Model Reference Adaptive Control 
(MRAC) to handle large or complete parametric uncertainties of a quadrotor. The MRAC 
is designed to remain robust to a range of external disturbances, such as added weight or a 
shift in the quadrotor’s mass center. Similarly, other adaptive and robust controllers have 
been proposed to remain robust to parameter uncertainties for single [34-36] and multiple 
[37-39] quadrotor(s). 
All prior work above specifically addresses vehicles that have already attained stable 
flight – i.e., vehicles that have successfully performed a takeoff and achieved a stabilized 
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hover. While this prior work addresses parametric payload uncertainties, they ignore the 
issue of whether takeoff and stabilization from ground contact is even possible given a 
connected vehicle configuration. In many practical settings, it is likely that either a human 
operator attaches the vehicles to a payload, or the vehicles attach themselves.  However, it 
is also likely that the payload inertial characteristics will not be measured or known 
precisely prior to flight, and thus there is no guarantee that a connected vehicle attachment 
geometry is even flightworthy.  Prior work has investigated the topic of robust takeoff and 
landing [40, 41], but considers the ground surface as the only source of uncertainty. For 
the purposes of this work, a modular vehicle-payload aircraft (referred to hereafter as the 
“composite aircraft”) is deemed flightworthy if the following requirements are satisfied:  
1.   The total thrust to weight ratio of the composite aircraft exceeds 1.  
2.  The composite aircraft can achieve hover without exceeding user-defined throttle 
limits for any of the attached lift vehicles.  
 
The first requirement is clearly required to achieve flight with vertical lift aircraft. The 
second requirement ensures that the aircraft can stabilize in air with available excess 
throttle to command pitching, rolling, and/or yawing moments. It is noted that for vertical 
lift aircraft satisfying the second flightworthiness requirement, the first flightworthiness 
requirement necessarily must be satisfied. This separation of requirements was 
purposefully introduced to divide the flightworthiness definition into considerations of 
available lifting capacity and of geometric placement of the vehicles about the composite 
aircraft. This approach does not directly solve for the inertia matrix of the composite 
aircraft and is intended purely as a method to assess whether the vehicle is capable of 
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achieving a stable hover, and to provide initial estimates of the aircraft weight and vehicle 
attachment positions. Once in-air, a parametric estimator such as the one proposed by 
Mellinger [29] can be used to refine parameter estimates and achieve desired flight 
performance. Note that this definition of flightworthiness is only meant to apply to modular 
vertical lift vehicles such as modular quadrotors or other similar aircraft. 
The scenario investigated in this research is that of a set of modular vehicles rigidly 
attached to a payload with unknown inertial properties. The modular vehicles and payload 
combination forms the composite aircraft. Each modular vehicle does not know the 
positions of the other vehicles or itself with respect to the payload, but they are collectively 
tasked with determining whether the current configuration is flightworthy.  The assumption 
that the vehicles do not know the relative locations of the other vehicles stems from the 
fact that the individual vehicles are envisioned to be equipped with only rudimentary 
sensing capabilities.  When installed by a human operator (or when attaching 
autonomously) there is no assumption that the vehicles’ relative positions are measured or 
sensed, since this may impose a substantial burden on the operator or autonomous vehicles. 
The composite aircraft is initialized in static ground contact. In the algorithm formulated 
here, the thrusts of each vehicle are assumed to be aligned and to act in the opposite 
direction to the payload weight force when the vehicle is at rest.  Each vehicle thrust value 
is incrementally increased until one or more of the contact points loses ground contact and 
the system exhibits dynamic motion.  The thrust distribution needed to induce dynamic 
excitation is then used to generate a probabilistic estimate of the effectiveness of individual 
vehicles at producing motion about the different ground contact axes. This probabilistic 
estimate is used to drive a series of excitations that generate the data needed to calculate 
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the weight of the aircraft and the positions of the attached vehicles. Finally, the estimated 
vehicle positions can be used to determine flightworthiness, or, if the vehicle is deemed 
unflightworthy, to suggest alternative vehicle layouts.  
The thesis proceeds as follows. The composite aircraft dynamic model and the employed 
dynamic contact model are described. The flightworthiness algorithm is then discussed in 
detail, including the axis detection, Bayesian inference, vehicle position estimation, and 
flightworthiness determination algorithms. Simulation results are provided to illustrate the 
utility and performance of the algorithm, with trade studies that examine the effects of 
thrust to weight ratio, mass center position, and other algorithm parameters.  Descriptions 
of the constructed test platforms are provided along with an overview of the testing 
procedure used for each experiment. A detailed error analysis of the algorithm is performed 
to better understand the sources of error in vehicle position estimates. Finally, a set of 
comprehensive experimental test results are presented to show the performance of the 
algorithm as a function of payload geometry, payload inertia, number of attached vehicles, 
and vehicle distribution about the payload.  
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CHAPTER 2. COMPOSITE AIRCRAFT DYNAMIC MODEL 
Define a standard inertial reference frame with unit vectors 𝐼𝐼, 𝐽𝐼 , and ?⃗⃗?𝐼 and a body-
fixed reference frame with unit vectors 𝐼𝐵, 𝐽𝐵, and ?⃗⃗?𝐵 as shown in Fig. 1, which also shows 
an example configuration for the composite aircraft and contact axes. Here, the vehicles 
are attached to the top of a notional payload. Several assumptions are invoked throughout 
the remainder of this work. First, it is assumed that the number of attached vehicles is 
known a priori. Second, it is assumed that the vehicles are rigidly attached to the payload 
such that there is no relative motion between each vehicle and the payload. Third, it is 
assumed that the thrust vectors produced by the lift vehicles are known and parallel with 
the body ?⃗⃗?𝐵 direction. Fourth, it is assumed that the algorithm has real-time feedback of 
the orientation of the composite vehicle. Lastly, it is assumed that the payload has a set of 
contact points that form discrete contact axes. each of which may or may not lie at the same 
elevation (position along ?⃗⃗?𝐼).  Note that, while the method described below can be 
modified such that the thrust vectors do not have to be aligned with ?⃗⃗?𝐵, such extensions 




Figure 1.  Composite Aircraft Diagram and Coordinate system. 
2.1 Rigid Body Dynamics  
A six-degree-of-freedom dynamic model is used to simulate the position, orientation, and 
velocity states of the composite aircraft. The differential equations that govern the position 






   
   
=   
   
   
                                                         (1)                                                                        
1
cv
u X qw rv
v Y ru pq
m
w Z pv qu
−     
     
= − −     
     −     
                                               (2) 
where 
 9 
        
H
c c c s s
T s s c c s s s s c c s c
c s c s s c s c s c c c
    
           
           
 −
 
= − + 
 + − 
                                        (3)                                                    
and , , sin( ),cos( ), tan( )s c t     = . The total applied forces, X, Y, and Z, include 
contributions from the thrusts of the attached vehicles, the weight of the composite aircraft, 
and the normal and friction forces from the contact surfaces. The rotational dynamic 
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where L, M, and N are the moments about the system’s mass center. The external rolling 
and pitching moments include contributions from the vehicle thrusts, the frictional forces, 
and the normal forces acting on the composite aircraft.  
2.2 Vehicle Model 
The lift vehicles are modeled as lumped masses attached at defined locations about the 
payload. The rigid connection assumption is invoked, and thus the attached modular 
vehicles add to the total weight and inertia matrix of the payload and have a direct influence 
on the mass center location of the composite aircraft. The aerodynamic models used to 
express the external forces and moments produced by each vehicle are dependent on which 
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type of vertical lift vehicle is being used. If the attached vehicles are chosen to be rotorcraft, 
as was the case for all simulations in this thesis, then the thrust and torque generated by 
each vehicle can be derived from blade element theory [42] and are expressed as a function 
of the rotation rate of the rotor according to, 
 
2 3
TT c A R=                                                           (6) 
2 3
QQ c A R=                                                          (7) 
 
where cT  is the thrust coefficient of the rotor, cQ is the torque coefficient, ρ is air density, 
A is the rotor disk area, Ω is the rotation rate of the rotor, and R is the radius of the rotor. 
Oftentimes for rotors powered by brushless DC motors, a first order transfer function is 
chosen to represent the dynamics between the desired rotor speed and its true value. In the 
context of this work, these rotor dynamics are neglected and it is assumed that the rotor 
speed can be changed quasi-statically.  This results in a known relationship between the 
throttle effort of the vehicles and the resultant aerodynamic forces. As the composite 
vehicle remains in partial ground contact during the duration of the flightworthiness 
determination process, ground effect on the rotor wake could potentially be significant. 
While in ground effect, there is a reduction of induced airflow velocity through the rotors 
resulting in an increase in the thrust produced by the rotors. This increase can be modeled 
as a percent increase from the thrust produced out of ground contact [43] as 
 
 g gT f T=                                                             (8) 
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where the percent increase, fg, is a function of the rotor height above the ground, h, 
normalized by the radius of the rotor. This value is approximated by the Cheeseman and 













                                                   (9) 
 
For the example aircraft analyzed in this work, the ground effect scaling term, fg, was 
calculated to be below 1.01, only a 1% increase in thrust. As a result, ground effect was 
determined to have negligible impact and was not directly incorporated into the 
flightworthiness determination algorithm. Although the aerodynamic analysis above 
assumes the vertical lift vehicles to be rotorcraft, the only requirement is that the vehicles 
can produce a known external force that acts in the ?⃗⃗?𝐵 direction in response to a control 
command.  
After the aerodynamics of the vehicle are fully defined, their contribution to the total 
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2.3 Ground Contact Model 
When the system is in partial or full ground contact, the unknown normal forces generated 
at each contact point lead to an underdetermined dynamic system. Thus, a dynamic contact 
model must be utilized to determine the reactions. Three dynamic contact models that are 
commonly used in simulation are the soft contact model, a constraint-based contact model 
(sometimes known as a hard contact model), and an impulse-based contact model [45]. The 
soft contact model, such as the one presented by Goyal et al [46-47], uses an infinitesimal 
contact surface attached to each contact point via a stiff spring and damper. Due to the 
stiffness of the contact surface springs, the simulation timestep must be shrunk by orders 
of magnitude with respect to a typical rigid body code to capture the collision dynamics. 
For a composite vehicle that remains in partial ground contact for the duration of the 
flightworthiness determination process, this collision timestep is required for the entirety 
of the simulation. This approach was found to be prohibitively slow, especially when 
simulating a wide range of composite vehicle configurations. The constraint-based 
approach, such as the one presented by Trinkle et al [48], formulates the unknown contact 
point forces and accelerations into a linear complimentary problem [49].  The constraint-
based approach aims to solve for the set of normal and frictional forces acting on each of 
the contact points. However, the method can struggle to find a unique solution when a 
contact point transitions into and out of ground contact. Finally, the impulse-based model 
proposed by Mirtich and Canny [50] solves for a set of impulses to accurately simulate 
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collisions and ground contact. This method produces solutions much faster than the soft 
contact model and does not suffer from the convergence issues of the root-finding process 
in the constraint-based method. The work presented here uses the impulse model described 
in [50] and expanded in [51-52] to resolve the ground-plane collisions that occur at each 
contact point. For each time step in the simulation, the model detects which contact points, 
if any, have collided with the ground-plane, then resolves the collisions iteratively. For a 
composite aircraft in ground contact, collisions are detected when the vertical position of 
a contact point of the aircraft falls below the defined ground-plane coordinate. When 
detected, a time of impact estimator is used to capture the instance of collision. After the 
collision detection phase, the contact model resolves each collision using a series of 
impulses applied to the composite vehicle. The impulses are computed using the impulse-
momentum theorem and assumes an infinitesimal collision time, Poisson’s hypothesis, and 
a Coulomb friction model.  
When an impulse is applied to a contact point of the composite vehicle, the change in 








 =                                                        (12) 
 
where cgv  is the change in translational velocity of the mass center before and after 
impact, and p is the applied impulse. Similarly, the change in angular velocity of the 




I r p −   =                                                    (13) 
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where   is the change in rotational velocity of the aircraft. These changes are related to 
the change in contact point velocity using rigid body kinematics as 
 
/i ic cg c cg
v v r =  +                                              (14) 
 
A relationship between the applied impulse and the change in contact point velocity can be 





i i ic c cg c cg
v r I r p Mp
m
−  = −   = 
 
Ι                               (15) 
 
where I is the identity matrix. Equation (15) shows that the velocities of the contact points 
evolve over the duration of the applied impulse and, thus, the dynamics of the collision 
event must be considered. Differentiating each side of Eq. (15) with respect to the normal 
component of the impulse delivered to the contact point results in a differential equation 
describing the change in contact point velocity over the collision event. 
 
 
,c iv Mp =                                                      (16) 
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                                       (17) 
 
Equation (17) is valid as long as the considered contact point is sliding relative to the 
ground plane. When collision occurs and vc,z is verified to be a negative value, Eq. (17) is 
numerically integrated over the growing impulse to the point that vc,z reaches zero. This 
event defines the point of maximum compression and the corresponding value of pz is 
recorded. Poisson’s hypothesis [53] is then used to calculate the final value of the normal 
impulse: 
 
, (1 )z f zp e p= +                                                     (18) 
Integration continues until the normal impulse reaches pz,f , at which point the impulse is 
used to update the translational and rotational velocity of the composite vehicle according 
to Eqs. (12) and (13). During the integration, if the tangential velocities, vc,x and vc,y, 
disappear, then sticking occurs and ,ic xv
 and ,ic yv
 are set to zero. While in the sticking mode, 
matrix M of Eq. (17) is inverted to solve for the relative magnitude of the normal and 
tangential impulse rates. As long as the static friction constraint from the Coulomb model 
is satisfied, sticking persists. Otherwise, sliding resumes along the unique sliding direction 
described in [50]. One drawback of this approach comes in the event of continuous static 
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contact. Since static forces do no work, the strategy of using Poisson’s hypothesis from Eq. 
(18) with a non-unity e is no longer valid. Instead, static contact is approached using a 
series of micro-collision to reverse the initial collision velocity. This way, the micro-
collisions are perfectly elastic and energy is conserved. The threshold for micro-collisions 
is based on the initial magnitude of vc,z  and is defined as the velocity a resting object 
achieves as if falls some defined collision envelope, εc during one timestep.  
 
2e cv g=                                                      (19) 
 
When an impact is detected, the collision is classified as either a full collision or a 
micro-collision and the corresponding methodology is followed. If multiple collisions are 
detected during a given time-step, the collisions are resolved one at a time. After each 
collision resolution, the state of the composite vehicle is updated according to Eqs. (12) 
and (13) and the state of each contact point is recalculated. This process is performed 
iteratively until all collisions are resolved within an acceptable error tolerance at which 
point the simulation continues to the next timestep.  
The described contact model, in conjunction with the rigid-body 6DOF equations of 
motion, is used to test a range of simulated payloads and attachment vehicles. Each payload 
is defined by a total weight, an inertia matrix, a mass center location, and a set of discrete 
points that define the payload’s contact axes. Figure 2 shows a dynamic excitation 
experiment performed on a simulated composite aircraft with the described impulse-based 
contact model. In Fig. 2, each cylinder represents an attached modular vehicle location. As 
the attached vehicles increase their throttle effort from zero, the composite aircraft begins 
exciting about its south-west contact axes in Fig. 2. When excitation is detected, the 
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modular vehicles all set their throttle values to zero and the composite aircraft is returned 
to static equilibrium.   
 
 
Figure 2. Simulated Excitation Event. 
In order to verify the physical accuracy of the implemented contact model, a series of 
controlled tests were performed. Each test compared the state history of the full simulation 
to that of a simplified dynamic model whose motion was constrained. Figure 3 shows the 
results of one such test. For this case, the simulated composite aircraft increases the throttle 
levels of the attached vehicles resulting in the aircraft exciting about a contact axis of the 
payload. The simplified model was constructed by imposing the constraint that the vehicle 
excited purely about the same contact axis. By enforcing this constraint, the dynamics of 
the simplified model could be explicitly expressed without the need of a contact model 
according to, 
 
( ) ( )/ /
1
max , 0
i j i i
n
a v a j B i cg a I i
j
I r T K I r WK I
=
 
=   −   
 
                         (20) 
 
Figure 3 shows the excitation angle for the same composite aircraft using the full 
simulation and the simplified model. Figure 3 shows strong agreement between the two 
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simulation models and was used as one of several validation cases for the implemented 
contact model.  
 
 
Figure 3. Sample Contact Model Validation Results.  
The flightworthiness determination algorithm operates by measuring the thrust 
distribution needed to drive the composite aircraft to the transition between static and 
dynamic motion. Thus, the algorithm designed here operates only on measurements of the 
thrust required to initiate dynamic motion from static equilibrium and the corresponding 
excitation axis, and requires no other information for flightworthiness determination.  The 
contact model described above is used only for simulation purposes and not within the 
algorithm itself.   
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CHAPTER 3. FLIGHTWORTHINESS ALGORITHM DESIGN 
The flightworthiness algorithm is initialized with the assumptions that the total 
number of vehicles attached to the payload and the mapping between the vehicles’ 
throttle and thrust are known a priori. Also, it is assumed that the algorithm has real-
time feedback of the orientation of the composite aircraft so as to determine when and 
about which ground contact axis or point excitation occurs. An overview of the 
flightworthiness algorithm is provided in Fig. 4. The algorithm is divided into machine 
learning and static analysis subcomponents. The purpose of the machine learning 
subcomponent is to intelligently generate a thrust measurement data set which can be 
used to deterministically locate the modular vehicles about the composite aircraft and, 
thus, determine flightworthiness. This intelligent data acquisition is achieved by building 
a probabilistic model of the composite aircraft through a series of dynamic excitation 
observations. The probabilistic model is used to reduce the total control effort needed to 
generate the required data set for vehicle position estimation. Within the machine 
learning subcomponent, the algorithm performs an explore and exploit strategy. The 
purpose of the explore phase is to observe the different excitations that occur when the 
thrusts of the modular vehicles are increased from zero using a unique thrust distribution 
and to build a probabilistic model of the composite aircraft. These thrust experiments, 
where the vehicle thrust is increased at different rates for all vehicles, are referred to 
throughout this paper as spin-ups.  During the exploration phase, the algorithm identifies 
and stores the orientations of observed contact axes. When the required number of 
contact axes are observed, the algorithm attempts to utilize the probabilistic model to 
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drive desired dynamic excitation. The algorithm commands excitation about the 
observed axes until the required amount of data is generated and vehicle position 
estimates can be generated. During the machine learning subcomponent, if the algorithm 
exceeds a set number of spin-up experiments the algorithm is terminated and no 
conclusions on flightworthiness can be made. Because this Bayesian process results in 
only probabilistic classifications, the resulting determination of the modular vehicle 
distribution about the payload may be subject to significant error.  Thus, accurate 
determination of flightworthiness using the probabilistic model alone is not guaranteed. 
The static analysis subcomponent takes the data collected by the machine learning 
subcomponent and uses a set of moment balance equations coupled with the geometric 
relationships to calculate the modular vehicles’ positions with respect to the mass center of 
the composite aircraft.    
 
Figure 4. Schematic of Flightworthiness Determination Algorithm. 
3.1 Spin-up Methodology 
The entire algorithm is reliant on observations of discrete excitation experiments called 
spin-ups. During each experiment, the vehicle is initialized on the ground at rest. The 
modular vehicles’ thrust values are increased continuously from zero in a prescribed way. 
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If dynamic excitation is observed, then the current vehicle thrust values and the direction 
of excitation are recorded and the vehicles are spun-down to rest to return the system to 
static equilibrium. Once recorded, the excitation direction is used to determine if the 
excitation was about a previously observed contact axis, a new contact axis, or about a 
contact point. If the observed excitation direction is classified as motion about a discrete 
contact axis, the recorded values are used to update the probabilistic model of the vehicle 
using Bayesian inference. If all vehicle thrusts saturate at their maximum value and no 
dynamic motion was observed, then the vehicles are spun down and the algorithm exits 
with a recommendation to add additional modular vehicles. The explore phase continually 
increases the throttle of the modular vehicles using a randomized thrust distribution, where 
the relative thrusts of each vehicle are randomized and this thrust ratio is held constant 
while the total thrust is increased. In contrast, the exploit phase utilizes the vehicles’ axis 
effectiveness scores generated from the Bayesian model to maximize the probability of 
exciting about a commanded axis. An overview of this process is shown in Fig 5. 
 
Figure 5. Schematic of the Bayesian Update Procedure. 
The machine learning subcomponent in Fig. 5 is defined by either the explore phase or 
the exploit phase. The success of the algorithm is directly tied to how accurately the 
Bayesian update can estimate the ability of each attached vehicle to generate moments on 
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the composite aircraft. In order to build this probabilistic model, the algorithm must first 
be able to identify the contact axis about which motion occurred.  
It is important to note that the flightworthiness algorithm takes measurements of the 
composite vehicle as it transitions from static equilibrium to dynamic excitation, thus each 
spin-up experiment must be initialized with the composite vehicle resting in ground 
contact. This procedure enables a quasi-static assumption to be made, simplifying the 
solution strategy. Potentially, a different strategy could be employed in which the thrusts 
can be continuously varied once the aircraft exhibits dynamic motion, and the vehicle 
responses could be recorded and analyzed to estimate model parameters.  However, such 
an approach would require either angular acceleration measurements (which are difficult 
to obtain), or use of an estimator which would need to estimate a large number of model 
parameters simultaneously.  Given the nonlinear dynamics of this system, observability 
would likely suffer in such a scheme and no convergence guarantees could be provided.  
Finally, from a safety perspective, the process of continuously changing the thrust profile 
while the vehicle is in partial ground contact would result in a higher probability of the 
vehicle potentially flipping over.  As a result of these considerations, a quasi-static 
assumption is enforced here and only data that is recorded at the onset of dynamic 
excitation is used in the solution strategy. 
3.2 Excitation Axis Detection 
The flightworthiness determination algorithm is initialized with no prior knowledge of the 
payload geometry. However, the success of the algorithm is strictly dependent on 
observations of motion about discrete contact axes. When dynamic excitation occurs, it is 
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imperative to classify the excitation as motion about a previously observed contact axis, 
about a new contact axis, or about a contact point. During each experiment, the time 
histories of the Euler angles of the aircraft, ϕ, θ, and ψ, are analyzed. Euler’s rotation 
theorem can be used to transform the roll, pitch, and yaw angles into a single rotation about 
the calculated Euler axis [54]. The single rotation, α, is calculated using 
 1 2cos [ ]Htr T+ =                                                    (21)                                                          
where tr[A] is the trace operator for matrix A. Using an onboard orientation sensor, the 
vehicle orientation is monitored during a spin-up and an excitation is identified when the 
vehicle orientation changes from rest by a defined excitation threshold angle. While the 
aircraft is exhibiting dynamic motion, the Euler axis is defined by β and γ and is computed 
as,              
1tan ( )Z Y Z Xl l
−




'cos ( )Z Zl
−=                                                        (23) 
where  















I                                                   (24)  
and I is the identity matrix. The matrix in Eq. (24) is rank deficient and leads to a directional 
sign ambiguity for the resultant Euler axis orientation. The sign ambiguity can be resolved 
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using the realization that α is constrained to a positive value. The composite vehicle cannot 
rotate into the ground plane and thus, α ≥ 0. By constraining α, the resultant Euler axis is 
uniquely determined. When the composite aircraft excites purely about one of its contact 
axes, the computed Euler axis defines the contact axis of the aircraft. If the contact axis 
exists in the inertial 𝐼𝐼 − 𝐽𝐼 plane, then γ is zero by definition and β defines the Euler axis. 
Otherwise, if the contact points lie at different heights, γ is a nonzero constant and β defines 
the projection of the Euler axis onto the inertial 𝐼𝐼 − 𝐽𝐼 plane. While at rest, the attached 
vehicle thrusts act purely in the ?⃗⃗?𝐼 direction, therefore, the moments produced by the 
attached vehicles can be expressed using their planar distances to the 𝐼𝐼 − 𝐽𝐼 projection of 
the contact axis. In this way, only the projection of the Euler axis (angle ) is important in 
the moment balance calculations used to generate the probabilistic model of the aircraft 
and to estimate the attached vehicle positions.  
If the time history of the Euler axis remains near constant during the excitation, then the 
Euler axis direction is considered as a potential contact axis. If the potential contact axis is 
sufficiently close to an existing observed contact axis direction, then the excitation is 
grouped with this prior observed contact axis. Otherwise, the potential axis direction is 
saved until a second excitation with a near identical Euler axis direction is observed. This 
two-phase detection process is used to reject excitations that occur about a contact point, 
but that maintain a near constant Euler axis direction. Excitations with a varying Euler axis 
direction during a spin-up are classified as contact point excitations and are disregarded as 
they do not fit into the discrete contact axis framework of the algorithm. Figures 6, 7, and 
8 show the time histories of α, β, and γ for a simulated composite vehicle performing a 
spin-up experiment. A detection threshold of ±5° was set for both β and γ over the duration 
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of the excitation. For this spin-up excitation, the aircraft excited about one of the discrete 
contact axes. Figure 7 shows that the orientation of the axis was measured as 90° with 
respect to the reference frame orientation of the attached IMU and remained nearly constant 
over the duration of dynamic excitation. Figure 8 shows the corresponding γ time history 
of the experiment. As both β and γ remained within the allowable detection threshold, the 
dynamic motion was classified as a contact axis excitation and the corresponding thrust 
values at the excitation detection angle of α were recorded.  
 
Figure 6. Example Contact Axis Excitation Angle. 
 




Figure 8. Example Contact Axis Orientation - γ. 
Conversely, Figs. 9, 10, and 11 show the time histories of α, β, and γ for a simulated 
spin-up experiment where the composite vehicle excited about a contact point. Figures 10 
and 11 show that, during the duration of the experiment, both β and γ varied significantly 
and violated the defined contact axis threshold. For the experiment, the excitation would 
not be classified as having occurred about a contact axis and the recorded thrust data would 
be discarded.  
 




Figure 10. Example Contact Axis Orientation - β. 
 
Figure 11. Example Contact Axis Orientation - γ. 
It should be noted that this process of classifying excitations can result in a contact 
point excitation being classified as a contact axis. Depending on the selected contact axis 
threshold and the steadiness of the contact point excitation, false positives for contact axis 
detection can occur. The failsafe, discussed above, is the requirement for a contact axis to 
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be detected twice before being officially classified as a contact axis to be used in the 
algorithm. Although it is possible for a composite vehicle to excite about the same contact 
point twice with near identical, steady, axis orientations, this event was not observed over 
the course of many simulated and experimental tests. If a contact point did get classified as 
a contact axis, the algorithm would command excitations about the nonexistent axis. Most 
likely, this would result in the composite aircraft repeatedly failing to excite about the 
commanded axis, eventually reaching the maximum number of spin-ups allowed for 
flightworthiness determination. Potential solutions, such as contact axis de-classification, 
could prevent this from occurring but, due to the implausibility of the event, the added 
complexity to the algorithm was deemed unnecessary. Once an excitation direction is 
successfully classified as a contact axis, it can be used to command excitation in the exploit 
phase which drives the subsequent lift vehicle position estimation algorithm. 
3.3 Vehicle Position Estimation Algorithm 
The purpose of the lift vehicle position estimation algorithm is to deterministically 
calculate each lift vehicle’s position on the composite aircraft with respect to the mass 
center location. This is accomplished by recording and utilizing the thrust distributions that 
were required to excite dynamic motion about differing contact axes of the composite 
aircraft. This section introduces the lift vehicle position estimation strategy for a composite 
aircraft with a general geometry that adheres to the assumptions listed in the dynamic 
model section. Figure 12 shows an example composite aircraft with 6 modular vehicles 




Figure 12. Example Composite Aircraft Configuration and Contact Axis 
Definitions. 
From Fig. 12, it is shown that the algorithm has observed excitations about axes i, k1, 
and k2 during the exploration phase. The orientations of these contact axes are defined by 
the angles θk1 and θk2 in the 𝐼𝐼 − 𝐽𝐼 plane measured from the iI direction. The objective of 
the static analysis subcomponent is to approximate the 
iI  and iJ  components of the 
position vectors of the modular vehicles with respect to the mass center location. This is 
accomplished by using the following solution strategy.  
3.3.1 General Solution Strategy  
At the instant when the composite vehicle transitions from static equilibrium to dynamic 
motion about one of the contact axes, the instantaneous moment balance equation about 
the contact axis can be written as   





cg a i v a i j
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=
= −  +                                       (25) 
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As additional experiments are performed and multiple excitations about the same axis 
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where pi is the total number of experiments about axis i and Tj,k,i denotes the thrust of 
vehicle k used during spin-up experiment j which resulting in motion about axis i. At 
maximum, n linearly independent experiments can be performed about axis i. Equation 
(26) expresses the vehicle positions with respect to a contact axis, which is of little practical 
use for flightworthiness determination or flight control. Instead, Eq. (26) can be rewritten 
to express the vehicle positions with respect to the mass center location of the composite 
aircraft:  
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                     (27) 
where + is the pseudoinverse operator. From Eq. (27), there are n+2 total unknowns with 
only n linearly independent equations. Similarly, experiments about different axes each 
add n+1 unknowns while contributing, at maximum, n new equations. To correlate the 
excitations about differing axes, geometric relationships are used as follows. The positions 
of the modular vehicles expressed in the different axes reference frames can be equated 
using the transformation,   
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/ / /( )cos( ) ( )sin( )j j jv cg i k v cg i k v cg kr J r I r J  −  =                           (28) 
where θk is the angle between unit vectors kI  and iI . For a single axis transformation, Eq. 
(28) introduces n additional unknowns (
/jv cg i
r I ) and provides n additional equations. Each 
additional axis comparison, however, generates n equations without introducing any new 
unknowns. If axis i is designated as the primary axis, then Eqs. (27-28) can be used to relate 
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 Equation (30) contains the geometric relationships between the contact axes but cannot 
be used directly without knowledge of the composite aircraft weight or the mass center 
position from the primary axis. Assuming that the payload has a convex geometry, it is 
physically required that the mass center exists within the convex hull of the contact points 
and thus / icg a ir J  is a strictly positive constant denoted as dcg,i. Without any additional prior 
information, the exact dimensions of the composite aircraft cannot be determined. Instead, 
dcg,i is set to a positive reference value, ,
ˆ




cg i cg id d , is a strictly positive constant that scales the dimension of the composite 
aircraft without altering the lift vehicles’ relative pitch and roll effectiveness about the 
composite aircraft mass center. With the inclusion of the scaling parameter, the total 
number of equations and unknowns can be expressed as a function of the number of 
modular vehicles and the number of axes about which excitation is observed:  
unknowns: 2n+ m                                                (31) 
equations: m n 
where m   ≤ m is the number of contact axes used in the solution strategy. For three or more 
attached modular vehicles, excitations about three independent axes produce an equal or 
greater number of equations than unknowns. However even with the inclusion of the 
scaling parameter, there is still a nonlinear coupling between weight and the mass center 
positions from the secondary contact axes. In order to solve Eq. (29) for the vehicle 
positions, the weight of the composite aircraft must be determined. If the full nonlinear 
system of equations from Eq. (29) was shown to be globally convex, then a gradient based 
approach could be used to converge to the true weight and position parameters of the 
aircraft [55]. However, this system is not globally convex, which is easily shown as the 
trivial solution solves Eq. (29). Instead, a solution for the weight is found by reducing Eq. 
(29) into the compact form b Ax= :  
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Equation (32) can be used to generate a least squares solution for the mass center 
location as a function of W. The squared error of this least squares fit can be expressed as 
1( )T T T T Te e b b b A A A A b−= −                                          (33) 
With perfect thrust measurements (i.e., measurements of the exact values needed to break 
static equilibrium), the correct weight value should generate zero error for the least squares 
estimate. The matrix A in Eq. (32) is known, and thus the inverse of matrix 2 2T xA A  can 
be computed in closed form. Evaluating Eq. (33) it can be shown using a symbolic solver 
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and where each ci is a complex function of the axis angle and the measured thrust values. 
Expressions for these complex functions are provided in Appendix A. The trivial solution 
of zero weight is ignored. For a physical system, it is expected that a unique solution for 
weight exists, i.e. there are not two different values of W that result in the same exact thrust 
distributions for the same mass center and vehicle locations. Using the geometric relations 
of Eq. (28) it can be shown using a symbolic solver that the quadratic in the numerator of 
Eq. (34) has a unique solution c2








=                                                           (36) 
and is dependent only on the measured thrust values. Plugging this solution into the 
dominator of Eq. (34) produces an expression that was verified symbolically to be non-
zero – thus, Eq. (36) provides the unique solution for the composite vehicle weight.  The 
identified W can then be substituted directly into Eq. (29) and the positions of the modular 
vehicles with respect to the mass center location can be calculated using a least squares 
estimate. With exact thrust measurements, these position estimates define the locations of 
the modular vehicles scaled by the term , ,
ˆ
cg i cg id d with a minimum of 3n total spin-ups (n 
per unique contact axis) required. For a practical system, dynamic motion is detected at a 
non-zero excitation angle and, thus, the corresponding thrust measurements do not exactly 
reflect the thrust magnitudes needed to transition from static equilibrium. With additional 
excitations per axis, this error can be minimized in a least squares sense.       
3.3.2 Parallel Extension 
Equation (27) requires that the m  subset of contact axes used in the solution process are 
unique and linearly independent. As a pair of contact axes becomes closer to being parallel, 
the matrix of Eq. (29) becomes ill-conditioned and eventually loses rank, resulting in 
unobservable vehicle positions. Therefore, two parallel axes do not fit the required criteria 
and cannot be used in the general solution strategy. However, the parallel relationship 
between two contact axes can be utilized to couple the positions of the modular vehicles in 
the 
iJ  direction. This is accomplished by defining the distance between the two contact 
axes according to the constraint  
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where ikL  is the constant distance between parallel axes i and k. Again, a positive constant, 
ˆ
ikL , is introduced as a reference distance. Equation (25) can be used in combination with 
Eq. (37) to directly solve for the vehicle positions in a direction normal to the contact axes 
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                        (38) 
If pi and pk are the number of unique excitations about axes i and k respectively, then 
Eq. (38) can be used directly provided that pi+pk ≥ n+2 with pi ≤ n, and pk ≤ n. In order to 
calculate the vehicle positions in the 
iI  direction, experiments about additional contact 
axes are required. If another pair of parallel contact axes i’ and k’ are observed, then Eq. 
(38) can be used with a new defined length ˆ
i kL    to determine the vehicles positions in a 
direction normal to these new contact axes. If the two sets of parallel axes are not normal 
to each other, then the second set of position estimates can be transformed to the 
iI  
direction. The 
iI  and iJ  components of the vehicle position estimates are decoupled and 
scaled by the two defined length constants, ˆ
ikL and 
ˆ
i kL   . If the second set of contact axes 
are not parallel, then Eq. (29) can be reduced using the calculated weight and vehicle 
positions in the direction of 
iJ . The simplified form can then be used to calculate the 
positions about the 
iI  direction. The two presented solution strategies in this section and 
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the previous one are valid for any set of distinct, convex contact axes that form regular or 
irregular polygons. 
3.4 Flightworthiness Determination 
Once vehicle position estimates have been calculated using Eq. (29) or Eq. (38), they 
can be used to determine whether or not the current composite aircraft is flightworthy. For 
a composite aircraft to be classified as flightworthy, it must have a total thrust-to-weight 
ratio greater than one and must be able to maintain an in-air hover with all vehicles below 
a user-defined throttle limit. The thrust-to-weight ratio can be directly determined from the 
weight estimate and the known thrust capabilities of each modular vehicle. The throttle 
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                                   (39) 
If n > 3, the minimum Euclidean norm solution to Eq. (39) can be used to uniquely solve 
for the thrust required to hover through use of the pseudoinverse. The scaling term(s) 
presented in the vehicle position estimation section have no impact on these calculations 
due to the fact that zero moments are being commanded and that each position estimate in 
a given direction is scaled by the same value. The position estimates in the 2nd row and 3rd 
row of Eq. (39) are each scaled by the same nonzero value and, thus, can be factored out. 
Each vehicle’s maximum thrust limit can be used to determine the vehicles’ throttle 
percentages at hover. It is important to note that Eq. (39) considers only pitching and rolling 
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moment balances for the composite aircraft and does not explicitly command a yawing 
moment balance. Although yaw control is necessary for general flight, the form of the 
external yawing moments is not explicitly defined for the general definition of the 
composite aircraft. If each vehicle is assumed to be a single rotor, then, depending on the 
rotor’s direction of rotation, each vehicle would produce a positive or negative yawing 
moment that could be directly mapped to the rotation rate of the propeller. However, if the 
vehicles are assumed to be standard quadrotors, then each vehicle could satisfy a 
commanded thrust and yaw moment simultaneously (within rotor saturation limits) by 
constraining the throttles of the clockwise and counterclockwise rotors of the quadrotor. 
With a defined vehicle platform, the actuation matrix of Eq. (39) could be augmented to 
include the defined yawing moment contributions for the individual vehicles. In the context 
of this work, however, the vehicle platform is not assumed, and a yawing moment balance 
is not explicitly commanded. If all hover throttles are within user-defined cutoffs, then the 
composite aircraft is deemed flightworthy. If any throttle values are outside of the cutoffs, 
then the current vehicle configuration is determined to be unflightworthy and vehicles 
should be rearranged or added before flightworthiness determination is attempted again. 
When determining flightworthiness, the thrust-to-weight ratio of the aircraft dictates the 
mean throttle percentage of the modular vehicles while the distribution of vehicles about 
the payload affects the variance of throttle percentages. As the total thrust-to-weight ratio 
decreases, the vehicle placement plays an increasingly significant role in achieving a 




3.5 Bayesian Inference 
The vehicle position estimation algorithm presented in the preceding sections require 
linearly independent excitations about each commanded contact axis to adequately 
populate the thrust matrix from Eq (26). Until a minimum of n excitations are observed 
about a given axis, the inverse/pseudoinverse of the thrust matrix cannot be computed and 
that particular axis cannot be used in the solution strategy. Therefore, it is important to 
efficiently generate the required set of excitations for the set of commanded axes. One 
naïve method to generate excitations is to simply randomize the relative thrust distributions 
during each spin-up experiment.  However, this is likely to lead to excessive excitations 
about other axes which are not used in the solution set.  Such excitations are detrimental in 
that they do not provide any usable information and use unnecessary power and time. In 
order to minimize wasted control effort, an intelligent procedure for commanding 
excitation is needed. 
The machine learning component of the flightworthiness determination algorithm, 
which may be viewed as an unsupervised learning process, forms a probabilistic estimate 
of each modular vehicle’s effectiveness in generating moments about the observed contact 
axes and assists in generating the dynamic excitation needed for vehicle position 
estimation. The machine learning is performed through Bayesian inference which uses 
observations of composite aircraft excitations and the corresponding throttle levels of the 
modular vehicles.  This information is used to compute a probabilistic likelihood of each 
vehicle’s effectiveness at producing moments about the observed contact axes. The 
inference begins when an initial contact axis is observed and continues for each excitation 
about current or newly observed contact axes.  
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Bayesian inference is a method used to update the probability of a set of hypotheses as 
information is gathered [56-58]. These likelihood estimates can be expressed with Bayes’ 
theorem as,    
 






P a H P H
P H a
P a
=                                          (40) 
where the posterior likelihood of hypothesis Hl being correct given that event ai occurred 
is equal to the product of the probability that event ai occurred given hypothesis Hl and the 
prior probability of Hl, P(Hi), all divided by the total probability P(ai). For this application, 
the “events” are discrete excitations about one of the contact axes.  For instance, an 
example event may be recorded as “the vehicle began to roll about contact axis ai for the 
applied thrust distribution”. The different hypotheses vary the vehicle placement locations 
about the payload. The hypotheses are formed by constructing a hypothetical payload 
containing a series of vehicle locations evenly distributed in a circular path on the payload 
perimeter. Each hypothesis places one of the modular vehicles into a corresponding 
location (or slot) on the hypothetical composite aircraft. When a new contact axis is 
observed, a corresponding axis is drawn on the hypothetical payload tangent to the circular 
path. Figure 13 shows an example slot layout for a six-vehicle composite aircraft that has 
observed excitations about axes ai and ak. The actual vehicle placement on the composite 
aircraft is shown at left, whereas the slot location definitions are shown at right.    
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Figure 13. Example Actual Composite Aircraft Configuration (left) and 
Corresponding Slot Definitions (right).  Each circle represents a vehicle location. 
For the example case shown in Fig. 13, there are a total of 6! vehicle-slot permutations 
(or hypotheses). It is noted that the hypothetical composite aircraft, such as the one shown 
in the right of Fig. 5, is constructed with no prior knowledge of the actual composite 
aircraft’s geometry or dimensions. The dimensions of the hypothetical composite aircraft 
are of no consequence to the algorithm and thus the radius of the circular path is initialized 
to a unit length. The objective of the hypothetical composite aircraft it to construct vehicle 
slot locations with relative distances from each contact axis so as to differentiate vehicle 
effort when excitation occurs. When excitation does occur, the equivalent thrust vector of 
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where Tj is the thrust produced by the vehicle placed into slot j for a given hypothesis. This 






















                                                (42) 
Figure 14 shows an example case where the composite aircraft excites about axis ai and 
a certain hypothesis places the modular vehicles into slots that result in an equivalent thrust 
vector positioned at a distance of req from ai. 
 
Figure 14. Example Equivalent Thrust Vector for given Hypothesis. 
A similar equivalent thrust position can be computed for each observed contact axes. 
An inequality constraint on the relationship between the equivalent thrust position and the 
position of the mass center from the axis of excitation can be established by analyzing the 
transition from static equilibrium to dynamic excitation. A 2D representation of the 
transition event is shown in Fig. 15. 
 
Figure 15. Example 2D Dynamic Transition FBD. 
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In Figure 15, 
ia
N is the normal force acting at contact axis ai and rcg is the perpendicular 
distance from contact axis ai to the mass center location of the composite aircraft. At the 
instant before dynamic equation, the aircraft is in static equilibrium. Therefore, a simple 
force balance (
ieq a
T N W+ = ) and moment balance ( eq eq cgr T r W= ) can be written to relate 
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                                                      (43) 
If the contact axes are assumed to be non-sticking, then the associated normal forces, if 
present, are constrained to positive values ( 0
ia
N  ). As each vehicle is constrained to 
producing a positive thrust in the ?⃗⃗?𝐵 direction ( Teq > 0 ), the following constraint on req is 
established: 
eq cgr r                                                             (44) 
Due to the requirement that the equivalent thrust vector be located past the mass center 
in a direction normal to the axis of excitation for motion to occur, the probability of 
excitation for each contact axis can be computed as the probability that this constraint is 
satisfied. If the mass center of the composite aircraft is assumed to be a random variable 
that is distributed about the hypothetical payload according to a Gaussian distribution with 
mean located at the payload’s geometric center, this probability can be approximated using 
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where the standard deviation  and mean  are chosen such that the diameter of the 
hypothetical payload spans three standard deviations of the mean. A 2D visualization of 
this calculation is shown in Fig. 16. 
 
 
Figure 16. Example Likelihood Calculation given Normal Mass Center Location 
Distribution. 
As more information becomes available, i.e. excitations about current and new contact axes 
occur, the posterior probabilities can be updated as,  
( | ) ( | ) ( )
( | , )
( ) ( )
k l i l l
l i k
k i
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P H a a
P a P a
=                                  (46) 
where ak is a different event (dynamic excitation) that is observed.  
When implemented, the posterior likelihood estimates will favor hypotheses which 
order the modular vehicles from lowest to highest throttle percentage in a direction normal 
from the axis of excitation, thus maximizing the expression of Eq. (42). This strategy of 
maximizing req can produce misleading hypotheses, depending on the magnitude of Teq. 
The required torque needed to excite dynamic motion about a given contact axis remains 
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constant for a given composite aircraft configuration. As the observed value of Teq 
increases between experiments, the corresponding req on the actual payload must decrease 
to maintain this required torque value. Thus, maximizing the req of the hypothetical payload 
for relatively large values of Teq would skew the posterior probabilities of Eq. (46) towards 
misleading hypothesis. Therefore, weighting experiments that exhibit a lower equivalent 
thrust over experiments that exhibit a larger equivalent thrust improves the Bayesian model 
of the composite aircraft and ensures greater accuracy in the Bayesian learning process. 
One method of weighting likelihood estimates has been presented by Newton and Raftery 
[59]. Incorporating this weighting factor, the posterior probability is computed as, 
( | ) ( | ) ( )
( | , )
( ) ( )
k iw w
k l i l l
l i k
k i
P a H P a H P H
P H a a
P a P a
=                                  (47) 
where the weight for a particular experiment, wi, takes on a value between zero and one 
and is inversely proportional to the equivalent thrust value of that experiment. As new spin-
up experiments occur, these weighting parameters are normalized according to the range 
of equivalent thrust values observed. Each contact axis maintains a set of weights that are 
dependent only on the thrust values observed during excitation about it. By decoupling the 
different axes weights, the Bayesian inference remains robust to non-geocentric mass 
center locations and uneven vehicle distributions.   
Each hypothesis places each vehicle into one of the potential slots. By marginalizing 
the posterior probabilities, each vehicle is assigned a probability of being located in one of 
the available slots. This marginalization takes the total set of hypotheses and generates an 
nn vehicle-slot likelihood estimate matrix, L. The position vector of each slot about the 
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hypothetical payload can be expressed in the body fixed reference frame, Ps 2n . With 
L and Ps, each vehicle is assigned a probabilistic placement on the hypothetical payload 
that is updated after each excitation experiment.  
Pv = LPs                                                                                        (48) 
Initially, the probabilistic vehicle position estimates are all located at the center of the 
hypothetical payload as each vehicle is equally likely to be located in any of the defined 
slot positions. As more information is observed, these probabilistic estimates grow and 
shift about the hypothetical payload.  
 
Figure 17. Example Placement History of Vehicles on Hypothetical Payload. 
Figure 17 shows an example scenario where the flightworthiness algorithm is 
performed on a composite aircraft comprised of 4 attached vehicles. This figure shows the 
time evolution of the vehicle placements over the duration of the flightworthiness 
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algorithm. The circles in the figure represent the estimate that was reached at the end of 
the algorithm while the solid lines trace the placement history. The position estimates are 
spatially-weighted averages of the likelihoods for each slot location for a given vehicle. 
When the model is initialized, each vehicle has equal likelihood of being located in any of 
the defined slot positions. This equal likelihood results in the vehicle position estimates 
originating from the center of the hypothetical payload. As excitation thrust data is 
observed, the likelihood estimates update, and the position estimates shift according to the 
new likelihood averages. The Bayesian estimates are purely probabilistic and can vary 
significantly as new data is observed for reasons previously discussed.  
While the probabilistic vehicle placements, Pv effectively illustrate the Bayesian 
updating process, an alternate metric is used to command the thrust distribution when 
excitation about a particular axis is desired.  This is accomplished by expressing each slot 
location by a perpendicular distance from each of the contact axes, R(sj , ai), thus, each 
vehicle can be assigned an axis effectiveness score, S, that is weighted by the vehicle-slot 
probabilities.  
 =S LR                                                             (49) 
where 'n mS . In this way, each vehicle is assigned axes effectiveness scores 
proportional to its probabilistic relative distance from each contact axis. These probabilistic 
scores are used to drive excitations in the exploit phase by scaling the nominal throttle rate 
by the vehicle’s relative effectiveness score. One drawback of this approach is observed 
when multiple excitations about the same axis are commanded in the exploit phase. For 
these cases, the probabilistic model between the multiple excitations may be largely 
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similar, thus producing near identical effectiveness scores and commanded throttle rates. 
However, to use Eq. (29) from the vehicle position estimation algorithm, the excitations 
about a contact axis must be linearly independent. To ensure unique excitations, a user-
defined level of noise is added to perturb the throttle rates generated from the Bayesian 
model. The noise is a random variable defined by a uniform distribution. After the throttle 
rate perturbations are introduced, the vehicle throttle rates are re-normalized according to 
the highest throttle rate percentage. By varying the commanded throttle rates, the thrust 
matrix in Eq. (26) can better span the space of throttle rates, thus avoiding ill-conditioned 
data sets. By increasing the condition number of the thrust data sets, the vehicle position 
estimates are more robust to sources of error. These error sources are quantified in detail 
in the next section. The cost of these throttle rate perturbations comes in the form of 
commanded excitation reliability. As the introduced noise is increased in magnitude, the 
throttle rates approach purely random values (resulting in the explore phase strategy) and 
the algorithm no longer has a meaningful method to drive dynamic excitations. Therefore, 
this strategy introduces a tradeoff between the condition of the measured thrust matrix, and 
the accuracy of the probabilistic model in driving desire excitations. For this work, the 
throttle rate noise was chosen using a uniform distribution between 0% and 30%. This 
range was selected as it was found to consistently produce well-conditioned thrust data sets 
while only suffering a slight loss in commanded excitation accuracy. Ultimately, the goal 
of the machine learning component of the flightworthiness algorithm is to minimize the 
number of spin-ups and total control effort needed to generate the required, linearly 
independent, data for the vehicle position estimation algorithm.   
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CHAPTER 4. ERROR ANALYSIS 
This chapter seeks to analyze and quantify the sources of error in the vehicle position 
estimation scheme described above, which has a direct effect on the accuracy of the overall 
flightworthiness determination.  Three major sources of error have been identified which 
contribute to error in the resulting vehicle position estimates.  These sources of error are: 
1. A mismatch between the measured thrusts needed to create excitation during 
a spin-up, and the actual thrusts needed to break static equilibrium with the 
ground. 
2. A mismatch between the thrust-throttle mapping used to convert the throttle 
percentages to thrust values in the flightworthiness algorithm, and the actual 
thrust-throttle mapping. 
3. A mismatch between the weight estimate used in Eqs. (1)-(4) and the actual 
weight of the composite aircraft. 
The goal of this section is to quantify the relationship between error in the vehicle position 
estimates and the three sources of error outlined above.  This relationship highlights 
important trends in algorithm performance as shown in the subsequent experimental 
results. 
 With reference to the first source of error (item 1 above), when computing the vehicle 
position estimates using the static moment balance in Eq. (25), it is assumed that the thrust 
values about a given axis are recorded at the instant that the composite vehicle transitions 
from static equilibrium to dynamic excitation. Practically speaking, this transition must be 
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detected at some non-zero excitation angle D. During each spin-up experiment, the 
attached vehicles linearly increase their throttle levels according to the commanded throttle 
rate distribution. At the instant of excitation detection, the throttle levels are higher than 
those needed to break static equilibrium. The violation of this static assumption introduces 
error into the position estimates. In order to quantify the effects of this violation, consider 
the moment balance equation for excitation about axis ai at the exact time ts at which the 
vehicle thrusts balance the moment of the composite vehicle weight about the contact axis, 
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where jT  is the throttle rate of vehicle j. After p spin-up experiments about a particular 
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Let the left hand side of Eq. (51) be denoted as ?⃗?.  After the vehicle breaks static 
equilibrium, the rotational dynamics of the composite vehicle can be described using a 
small angle approximation as, 
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where Iai is the inertia about axis ai and tD is the amount of time that the composite vehicle 
spends in dynamic motion (after leaving static equilibrium). Integrating Eq. (52) twice and 
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where αD is the excitation detection threshold angle. With these quantities defined, the 
static expression of Eq. (50) used to estimate vehicle positions can be rewritten in terms of 
the total spin-up time and estimated parameters as, 
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where W is the estimated aircraft weight and T is the predicted vehicle thrust rate using 
the assumed thrust-throttle mapping. If the thrust-throttle relationship of each vehicle is 
exactly known, then ?̅? = 𝐴 from Eq. (54) and the only differences between Eqs. (51) and 
(54) are from the nonzero tD values and from error in the estimated weight value, W . 
Practically, the thrust-throttle mapping cannot be exactly known and thus ?̅? will differ from 
A as well. The extent of this error can be minimized through extensive testing or potentially 
through the use of embedded force sensors [60]. Letting the left-hand side of Eq. (54) be 
denoted as ?⃗?
̅
, the quantity 𝛿?⃗? = ?⃗?
̅
− ?⃗? captures the error due to the violation of the static 
assumption and error in the weight estimate.  The quantity 𝛿𝐴 = ?̅? − 𝐴 contains the error 
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due to an imperfect thrust model. In estimating the vehicles’ positions, the expected error 
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                                                      (56) 
where 𝜅(𝐴) =  ‖𝐴‖‖𝐴+‖ is the condition number of A [61]. A key takeaway from Eq. (55) 
is that the degree to which errors in the weight estimate, thrust-throttle mapping, and time 
delay to detect excitation affect error in the resulting vehicle position calculation 𝛿?⃗? is 
dependent on 𝜅(𝐴).  The condition number of A is determined by how linearly independent 
the thrust distributions are that cause excitation in each spin-up experiment about axis ai.  
If each of the thrust distributions used in Eq. (54) are nearly orthogonal, then 𝜅(𝐴) is small 
and the algorithm will be robust to the three main sources of error.  If each of the thrust 
distributions are similar, the algorithm sensitivity to these error sources will be higher. 
In comparing the results of the experimental tests detailed below with analogous results 
from simulation, it was found that vehicle position estimates were relatively insensitive to 
error in the thrust-throttle mapping.  Thus, to more fully explore the algorithm error 
characteristics, consider a case involving perfect knowledge of the thrust-throttle mapping, 
and error only in the weight estimate and the thrust values needed to break static 
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equilibrium (items 1 and 3 above). The error associated with spin-up j due to these factors 
can be expressed as, 
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where 𝛿𝑊 = ?̅? − 𝑊.  Rewriting this quantity in the form 𝛿𝑏𝑗 = 𝑘𝑗𝑏𝑗 where kj is a constant 
yields, 
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where (58) is computed by plugging in Eqs. (50) and (53) into Eq. (57). If the weight 
estimation error, δW, is negligible, then kj is a strictly negative value that is bounded by 0 
and 1. Equations (58) and (55) show that vehicle position errors grow as the detection angle 
D, the inertia about the excitation axis, and the number of attached vehicles increase. 
Conversely, increasing the total weight of the composite vehicle while the other parameters 
remain constant decreases the value of kj, thereby decreasing position estimate errors. As 
the composite aircraft increases in scale, the relative increase between the weight of the 
aircraft and the aircraft’s inertia about its contact axes can be used to predict the error 
behavior using Eqs. (55) and (58). If the weight estimation error, δW, is non-negligible then 
a constant bias is introduced to each element in the k vector. 
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CHAPTER 5. SIMULATION RESULTS 
The proposed algorithm has been implemented on a simulation model of a composite 
aircraft. The flightworthiness algorithm is initialized assuming no prior knowledge of 
vehicle layout, composite aircraft mass center location, total weight, or contact axis 
geometry. Each vehicle’s thrust is limited by a defined maximum value and the number of 
vehicles in any given simulation is defined by a constant n. Thrust values for a successful 
spin-up were recorded at an excitation detection angle threshold of α = 5 degrees. The 
attached vehicles were assumed to each occupy 1/12 of the total attachment area of the 
payload and were placed within the convex hull of the contact axes (all payloads have 
convex shapes). The vehicles were placed semi-randomly about the perimeter of the 
payload with the requirement that no two vehicles occupy the same space. The algorithm 
was tested on payloads with contact axes that formed rectangles, triangles, and pentagons.  
Note that the effects of sensor noise or other random disturbances that may occur during 
excitation are not considered here.  However, it should be noted that the excitation 
detection angle threshold α should be set high enough so that noisy measurements when 
the vehicle is at rest on all contact points do not mistakenly trigger the threshold.  In light 
of typical IMU pitch and roll root-mean-square error values on the order of a few degrees, 
α = 5 deg is chosen for the simulation studies that follow. 
The first section of results presents several example cases to highlight the various stages 
and outputs of the flightworthiness determination algorithm. The second section quantifies 
the algorithm’s performance by presenting Monte Carlo simulations in which several 
parameters are varied. Unless stated otherwise, all simulations are initialized with a mass 
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center location at the geometric center of the composite aircraft (although this is varied in 
a Monte Carlo simulation). The accuracy of the estimates as well as the number of spin-
ups required to achieve the vehicle position estimates and an overall flightworthiness 
evaluation are used as metrics to quantify the algorithm’s performance.  
5.1 Example Case Results  
Three example cases are presented with n = 6 attached vehicles and a total thrust to 
weight ratio of 2.0 at the maximum thrust saturation limit (where this is calculated from 
the total thrust generated from all vehicles). The three example cases consider payloads 
with contact axes that form a rectangle, a triangle, and a pentagon, respectively. Each case 
commands excitations for the minimum number of spin-ups required to estimate the 
vehicles’ positions as defined in the vehicle position estimation section. A hover throttle 
threshold of 70% is set to determine flightworthiness. 
The first example case was performed on a rectangular payload with a vehicle 
configuration shown in Fig. 18. The axes are labeled in the order that they were observed 
during the exploration phase. 
 
Figure 18. Example Modular Vehicle Configuration with Rectangular Contact Axes. 
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Figure 19 shows the excitation results for the first example case. The solid line in Fig. 19 
shows the axis about which the composite aircraft excited during each of the vehicle spin-
ups. The dashed black line shows the points in the algorithm where the composite aircraft 
was commanded to excite about a certain axis. These commands occur during the 
exploitation phase after the algorithm observed all four axes twice. The algorithm labels 
the axes in the order that they are observed. Spin-up excitations end when the required 
amount of data has been generated and the vehicle position estimation algorithm has 
enough data to calculate the vehicle weight and position estimates.  
 
Figure 19. Rectangular Aircraft Excitation Axis History. 
For the first 11 spin-ups the algorithm performed the exploration phase. During this 
phase, the vehicles’ commanded thrust ratios were randomly selected and the resulting 
excitation axis and thrust distributions were used to propagate the Bayesian likelihood 
estimates. For this example case, the algorithm recognized that two of the contact axes 
were parallel and, as a result, required that four axes total be observed before progressing. 
After spin-up 11, the algorithm entered the exploitation phase and utilized the Bayesian 
estimates to command excitation about the 4 discovered axes. Figure 19 shows that the 
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composite aircraft was able to successfully excite about all commanded axes. After the 
minimum number of spin-ups per axis (4) was observed, the algorithm was allowed to 
progress to the deterministic vehicle position estimation algorithm. In this case, the 
algorithm was able to generate the required data in 16 spin-ups, which is the minimum 
number possible for a rectangular geometry. 
 
Figure 20. Vehicle Effectiveness Scores for Axes 1 (left) and 2 (right). 
 
Figure 21. Vehicle Effectiveness Scores for Axes 3 (left) and 4 (right). 
Figures 20 and 21 show the evolutions of the vehicles’ axis effectiveness scores as the 
algorithm progresses. Each axis effectiveness score is initialized when the axis is first 
observed and is updated at each spin-up. Due to the pairs of parallel axes, the effectiveness 
scores are mirrored for opposite axes and only update when excitation occurs about a non-
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perpendicular contact axis. Figures 20 and 21 show that the algorithm was able to produce 
an accurate effectiveness distribution for the majority of the vehicles. Figure 21 shows that 
for axis 3, vehicle 5 was given a high effectiveness score despite vehicle 5’s small moment 
arm about axis 3. This is not unexpected as there is no guarantee that the Bayesian 
likelihood estimates accurately represent the physical vehicle placements. However, with 
sufficient exploration they can be used to command excitation and to drive the vehicle 
position estimation algorithm. After 16 spin-ups, the recorded thrust values and their 
associated axes of excitation were sent to the vehicle position estimation algorithm. 
Equation (38) was used for both pairs of parallel contact axes and two separate scaling 
dimensions were introduced. The accuracy of the weight and vehicle position estimates 
was determined by using the correct scaling parameters and computing relative errors for 
the composite aircraft weight and each vehicle position in the 
iJ  and iI  directions. For 
position estimates in each direction, the median of all relative errors is taken as a 
representative value.  For this example case, the weight was estimated with 10% error and 
the vehicle positions in the 
iJ  and iI  directions were estimated with a median error of 37% 
and 30%, respectively. Figure 22 shows the position estimates of the vehicles displayed 





Figure 22. Example Vehicle Configuration and Position Estimates for Rectangular 
Contact Axes. 
In this case, the algorithm was able to estimate the vehicle positions about the composite 
aircraft with reasonable accuracy. The estimation errors can be attributed to the fact that 
the vehicle thrusts are continually increasing to the point of excitation detection, which 
occurs at a nonzero excitation angle. By the time that the thrust values are recorded, they 
have surpassed the required amount needed to exit static equilibrium and, therefore, no 
longer exactly satisfy Eq. (25). The extent and form of this error is discussed in detail in 
the previous Error Analysis section. The vehicle position estimates were substituted into 
Eq. (39) to determine the vehicle throttle levels required to achieve a stable hover. The 
minimum norm throttle solution for the estimated and actual vehicle locations is shown in 
Fig. 23.  In this case, because both the estimated and actual vehicle positions are distributed 
somewhat evenly about the mass center, the required throttle values to hover are relatively 
even across all vehicles. With an available thrust to weight ratio of 2, both the estimated 
and actual aircraft would be able to achieve hover with all vehicles operating well below 
the defined throttle limit. The flightworthiness determination algorithm was able to 
estimate the required throttle percentages of the actual aircraft with a root mean square 
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(RMS) error of 6.41% throttle. With these results, the algorithm classifies the composite 
aircraft as flightworthy. 
 
Figure 23. Estimated and Actual Vehicle Throttle Percentages Required to Hover 
for Rectangular Axes. 
The second example case was performed using a payload with triangular contact axes 
and a vehicle distribution and mass center location as shown below in Fig. 24.  The spin-
up excitations are shown in Fig. 25. For triangular contact axes, the algorithm must 
discover each axis during the exploration phase in order to progress. During the 
exploration, two spin-ups were classified as contact point excitations and the 
corresponding thrust information was discarded (these are denoted as an excitation about 
axis 0). Figure 25 shows that 18 spin-up iterations were required before axis 3 was 
observed a second time. After the exploration phase, the exploit phase was able to 
successfully command the composite aircraft about the remaining required axes. For this 
example, 23 spin-up iterations were required in order to generate the necessary data. The 
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minimum possible number of spin-ups for 3 independent contact axes and 6 modular 
vehicles is 18, thus, a total of 5 excess spin-ups were performed for this example case.  
 
Figure 24. Example Vehicle Configuration and Position Estimates for Triangular 
Contact Axes. 
 
Figure 25. Triangular Aircraft Excitation Axis History. 
The three contact axes shown in Fig. 24 are linearly independent and, thus, Eq. (29) was 
used to estimate the weight of the composite aircraft and the positions of the modular 
vehicles. For this example case, Eq. (29) resulted in a weight error of 16% and a median 
position error in the 
iJ  and iI  directions of 19% and 40% respectively. Figure 24 shows 
the position estimates of the modular vehicles (dashed lines).  The disproportionate amount 
of error in the 
iI  direction for this case occurs due to the defined direction of the scaling 
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term used in calculation of the position estimates. From Eq. (29), this scaling term is used 
to directly solve for positions in the 
iJ  direction. Conversely, due to the non-orthogonality 
of the contact axes, the position estimates along the 
iI  direction are dependent on the iJ   
estimates which, themselves, contain errors from the imperfect thrust measurements. This 
dependency leads to compounded error for estimates in the 
iI  direction.  
 
Figure 26. Estimated and Actual Vehicle Throttle Percentages Required to Hover 
for Triangular Axes. 
Figure 26 shows the flightworthiness results for this example case.  It can be seen that 
all throttle percentages are below the threshold value and so the composite aircraft is 
deemed flightworthy. Even with an estimation error in the 
iI  direction of 40%, the 
estimated throttle percentages matched those of the actual system with an RMS error of 
3.34% throttle. The estimated vehicle positions in the 
iI  direction are all closer to the mass 
center than the actual values, and thus the estimated throttle percentages are still reasonably 
accurate. If the threshold were defined at 60% instead of 70%, the estimated aircraft would 
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be deemed flightworthy despite the fact that vehicle 1 would be required to run at the 
throttle cutoff. While the estimated throttle percentages are always subject to some error 
and thus it is possible to produce false positives or false negatives for flightworthiness, this 
can be mitigated by using a threshold throttle cutoff well below 100% and/or a higher total 
thrust to weight ratio. 
The third example case was performed on a payload with five distinct contact axes and 
a vehicle distribution shown in Fig. 27.  This geometry exhibits an uneven distribution of 
vehicles about the mass center location. Although the payload has five contact axes, the 
algorithm only requires excitations about three to estimate the vehicle positions. The 
algorithm explores until three axes have been observed, then progresses to the exploitation 
phase without checking for the existence of additional axes.  
 
 




Figure 28. Pentagon Aircraft Excitation Axis History. 
The spin-up excitations for this case are shown in Fig. 28. The algorithm observed 
excitation about four of the five contact axes. During the exploit phase, the algorithm 
commanded excitation about axis 1 and detected motion about a contact point. The 
machine learning subcomponent was able to generate the required set of thrust data about 
axes 1, 2, and 4 in 23 spin-up iterations, resulting in an excess of 8 spin-ups.  For this 
example case, Eq. (29) resulted in a weight error of 12% and a median position error in the 
iJ  and iI  directions of 15% and 26% respectively.  
 
Figure 29. Estimated and Actual Vehicle Throttle Percentages Required to Hover 
for Pentagon Axes. 
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Figures 27 and 29 show the position estimates of the modular vehicles and the estimated 
throttle percentages to maintain a hover, respectively.  Figure 29 shows that the algorithm 
was able to successfully determine that the modular vehicle configuration was not 
flightworthy. Due to the uneven distribution of vehicles, vehicle 5 would be required to 
maintain over 80% throttle to establish hover. Figure 29 shows that, even with a substantial 
amount of position estimation error, the flightworthiness determination algorithm was able 
to produce hover throttle estimates with 4.36% RMS error. 
5.2 Monte Carlo Results 
Due to the limited number of assumptions, there is a large set of parameters that can 
potentially be varied to alter the algorithm’s behavior. This section analyzes several 
parameters that have dominant, meaningful, and coupled effects on the algorithm’s 
performance. The investigated set of parameters includes the required spin-ups per axis, 
the overall thrust-to-weight ratio of the composite aircraft, and the mass center location 
with respect to the geometric center of the contact points. These studies are performed 
using payloads with contact axes that form rectangles, triangles, and pentagons. Each trade 
study is performed with varying values of n between 4 and 8. Changing the number of 
modular vehicles directly affects the algorithm’s performance due to attachment 
restrictions on fixed area payloads and the geometry of the contact axes. To account for 
this coupling, the results are averaged together for all values of n to produce a 
representative metric independent of the number of attached vehicles. For each 
combination of parameters, 200 simulations are performed in which the vehicle locations 
and the direction in which the mass center is shifted are randomized. After each simulation, 
the accuracy of the weight and positions estimates is computed. Also, the number of spin-
 65 
up excitations performed in each simulation is recorded and compared to the minimum 
required value, resulting in an excessive spin-up metric. Finally, the number of simulations 
that hit the maximum allowed number of spin-ups while attempting to generate the required 
set of data was recorded (denoted as a failed case). The estimation accuracy quantifies the 
performance of the vehicle position estimation algorithm while the number of excessive 
spin-ups and the percentage of failed cases quantify the performance of the Bayesian 
inference algorithm.  
For the first set of Monte Carlo simulations the number of required excitations per axis 
was varied from 1.0 to 2.0 times the minimum number required to sufficiently populate 
Eqns. (29) and (38). The simulations were run with a thrust-to-weight ratio of 2. Figure 30 
shows the weight and vehicle position estimation errors as a function of the required spin-
up multiplier, for all three contact axis geometries.  These results show that for each 
composite aircraft the vehicle position estimates can be considerably improved by 
requiring additional excitations per axis. For payloads with rectangular contact axes, 
requiring an additional 25% beyond the minimum resulted in a 170% improvement in 
position estimates. Each set of thrust measurements contains error due to the assumption 
that the thrust values are recorded at the transition from static equilibrium to dynamic 
motion, which cannot happen practically. With additional excitations per axis, these errors 
can be minimized in a least squares sense. Figure 30 also shows that the weight estimate 
for the rectangular payload benefits from the additional spin-ups whereas the weight 
estimates for pentagon and triangle payloads remain relatively accurate and constant.  
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Figure 30. Vehicle Position Estimation Error (left) and Weight Estimation Error 
(right) for Increasing Required Excitations per Axis. 
 
Figure 31. Excessive Excitations (left) and Unsuccessful Simulations (right) for 
Increasing Required Excitations per Axis. 
Figure 31 shows the average excessive spin-ups required and the percentage of the 200 
simulations that exceeded the max spin-up threshold.  It is clear that the additional required 
spin-ups has a minimal effect on the average number of excessive spin-ups. If the explore 
phase can successfully observe the required number of contact axes (3 or 4), then 
commanding excitations using the axis effectivness scores yields a high success rate. 
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Therefore, commanding additional excitation in simulations that already identifed all 
required axes carries little risk of failure. The total number of required spin-ups increases, 
but the number of escessive spin-ups remains nearly constant. The spin-up multiplier adds 
to the minimum number of excitations required to perform the vehicle position estimation 
algorithm, but greatly improves the resulting position estimates. As the multiplier increases 
past 1.25, the improvments plateau while the actuation effort (spin-ups) continues to 
increase. Therefore, a spin-up multiplier of 1.25 was choosen as the baseline to run the 
following scenarios. 
The second set of trade studies varied the thrust-to-weight ratio of the composite aircraft 
by altering the saturation thrust of each attached vehicle. Again, payloads with all three 
contact axis geometries were simulated with the number of attached vehicles ranging from 
4 to 8. The resulting weight and position estimation errors are shown in Fig. 32.  Note that 
the vehicle position estimates improve with an increase in the available thrust. For payloads 
with five contact axes, increasing the thrust to weight ratio from 1.25 to 1.5 improves 
position estimations about the primary and secondary directions by 14% and 25%, 
respectively. As the available thrust decreases, there is an increasing probability that a 
vehicle, or set of vehicles, hits maximum throttle during a spin-up. Accurate position 
estimates are reliant on a well-conditioned thrust history matrix from Eq. (26). If a set of 
vehicles saturate for every excitation about a given axis, they no longer provide linearly 
independent data and the resultant thrust matrix becomes ill-conditioned. Once the 
available thrust increases to the point that saturation is avoided, there is no benefit, in the 




Figure 32. Vehicle Position Estimation Error (left) and Weight Estimation Error 
(right) for Increasing Aircraft Thrust to Weight Ratio. 
 
Figure 33. Excessive Excitations (left) and Unsuccessful Simulations (right) for 
Increasing Aircraft Thrust to Weight Ratio. 
The available thrust also has a significant effect on the machine learning algorithm’s 
ability to generate the required set of data. Figure 33 shows the mean excessive spin-ups 
and the percentage of simulations that hit the max spin-up threshold.  Note that, for 
rectangle and triangle contact geometries, there is significant coupling between the 
available thrust and the percentage of failed simulations. For triangular and rectangular 
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contact axes, each contact axis must be excited about in order to progress to the vehicle 
position estimation phase. Due to the randomized vehicle placement about the payload, 
there are simulations with an uneven distribution of vehicles. These uneven distributions, 
in combination with limited thrust, can result in scenarios where it is highly unlikely, or 
even impossible, for the aircraft to excite about each axis. A payload with contact axes that 
form a pentagon must excite only about three of the five possible axes and, thus, is more 
robust to limited thrust and uneven vehicle distributions. Figures 32 and 33 show that 
insufficient available thrust degrades the performance of both the vehicle position 
estimation algorithm as well as the machine learning subcomponent. For all results metrics, 
however, there is no noticeable improvement in performance at thrust-to-weight ratios 
greater than 2.   
The final set of simulations investigated the sensitivity of the algorithm’s performance 
to shifts in the mass center of the composite aircraft. The distance from the geometric center 
of the contact points to the nearest contact axis was used as a maximum length for the mass 
center perturbation. Perturbations were made at increasing percentages of this maximum 
distance in a direction that was randomized for each simulation.  This set of simulations 
was performed with a required spin-up multiplier of 1.25 and with a total thrust to weight 
ratio of 2.0.  
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Figure 34. Excessive Excitations (left) and Unsuccessful Simulations (right) for 
Increasing Mass Center Perturbations. 
Figure 34 shows the machine learning subcomponent’s performance with increasing 
mass center shifts.  This figure shows the dominant role that the mass center location plays 
in allowing the algorithm to excite about the required number of contact axis. At a mass 
center shift magnitude of 50%, all three payload geometries reach the maximum number 
of spin-ups in over 80% of simulations. For payloads with rectangular contact axes, 
simulations run with 7 and 8 attached vehicles hit the spin-up threshold in 100% of 
simulations. At 80% failed simulations, only 40 successful simulation runs are being 
averaged to generate the excessive spin-ups plot in Fig 34. With so few simulations, there 
is a large amount of variance in the results.  As the mass center is shifted from the geometric 
center of the contact points, the vehicle distribution about the mass center location becomes 
increasingly skewed. Vehicles that are closer to the mass center location lose effectiveness 
at producing moments about the contact axes and are largely dominated by the vehicles 
with an increased distance from the mass center. Because the exploration phase uses 
random thrust distributions, it becomes increasingly difficult to observe excitations about 
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the contact axes furthest from the shifted mass center location. The machine learning 
algorithm is effective for mass center shifts between 0% and 10%, but begins to deteriorate 
as the shifts become larger.    
 
Figure 35. Vehicle Position Estimaiton Error (left) and Weight Estimation Error 
(right) for Increasing Mass Center Perturbations. 
Figure 35 shows the accuracy of the vehicle position estimation phase as a function of 
the mass center shifts. These results show that, for both position and weight estimates, mass 
center shifts have a mostly insignificant effect on the estimation error. With adequate 
available thrust, moving the mass center location has negligible effect on how well-
conditioned the thrust matrices about each axis are. If the machine learning subcomponent 
is able to generate the required excitations about the contact axes, the vehicle position 
estimation phase is able to successfully utilize the data regardless of the associated mass 
center shift.  Unlike the thrust-to-weight trade study, perturbations to the mass center 
location only meaningfully affect the machine learning component of the flightworthiness 
determination algorithm. Figures 34 and 35 show that for simulations performed with a 
thrust to weight ratio of 2.0, a required spin-up multiplier of 1.25, and mass center 
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perturbations within 10%, the algorithm is able to perform the required excitations for 
approximately 80% of the simulations run and is able to do so with an average of 
approximately 15 excessive spin-ups. With these generated sets of data, the algorithm is 
able to approximate the weight of the composite aircraft and the attached vehicle positions 
within 13-20% of their true value, excluding the pentagon secondary axis position 
estimates.  
 
Table 1. Flightworthiness Determination Trade Study Conclusions. 
 
 
The results of all three trade studies are summarized in Table 1, showing the impact that 
the three varied quantities have on the performance of the algorithm. In order to accurately 
estimate the weight and vehicle positions, and to do so using an acceptable amount of 
control effort, it is imperative that the composite aircraft has a sufficient amount of total 
thrust and that the mass center location is somewhat near the geometric center of the contact 
points. Also, the quality of the generated estimates can be greatly improved by requiring 
additional excitations about the commanded contact axes. These results were critical in 
driving component selection and composite aircraft construction for the experimental 
portion of this work, detailed in the next section.  
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CHAPTER 6. EXPERIMETNAL SYSTEM DESCRIPTION 
To evaluate experimental performance of the flightworthiness determination algorithm, 
a set of unique payloads and modular vertical lift vehicles were constructed. This section 
details the design of the experimental setup and provides a brief description of the 
associated processing elements.  
 
 
Figure 36. Modular Vehicle Design. 
Figure 36 shows the modular vehicle design and its corresponding elements constructed 
for experimental testing. A set of 6 identical vehicles were built. Each lift vehicle can attach 
to the payloads via a clip mechanism. Extension arms were used to offset the attachment 
point from the rotor blades such that the downwash on the composite vehicle was 
minimized. Each vehicle houses its own power supply, microcontroller, radio, and rotor. 
As such, each vehicle is entirely modular. The lift vehicles each weigh 3.6 N and are 
capable of producing a gross thrust of approximately 11 N at maximum throttle. The 
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attached microcontrollers were used to provide throttle commands to their corresponding 
rotor and to communicate with the separate onboard CPU attached to the payload.  
 
 
Figure 37. Experimental Payload Platforms. 
Acrylic payloads of differing weights and geometries were constructed with mounting 
surfaces along their parameters so as to interface with the modular vehicles, shown in Fig. 
37. The payloads had contact axes forming a square, a triangle, and a pentagon and weighed 
9.3, 11.7, and 14.9 N, respectively. The extended mounting surfaces along the payload 
perimeter provide flexibility in vehicle attachment locations. Figure 1 shows an example 
configuration where six of the modular vehicles have been attached to the square payload.  
An inertial measurement unit (IMU) coupled to a microcontroller (MCU) is placed on the 
top face of the payload. The IMU contains a three-axis gyro and provides real time 
feedback on the orientation of the composite aircraft. The IMU-MCU package is tasked 
with running each spin-up experiment while actively monitoring the orientation of the 




Figure 38. Flightworthiness Determination Architecture Design. 
Figure 38 shows a diagram of the different experimental elements and the corresponding 
data flow.  The described flightworthiness algorithm is implemented on a laptop computer 
(ground station). For each spin-up, the ground station sends the computed throttle rates to 
the IMU-MCU attached to the payload. The IMU-MCU sends the throttle rates to the 
corresponding vehicles and initiates the spin-up experiment. While the vehicles are 
increasing their thrusts according to the prescribed throttle rates, the IMU-MCU is 
monitoring the orientation of the composite vehicle. Once the IMU-MCU observes 
excitation, a stop command is sent, and the current throttle levels of each vehicle is reported 
back to the ground station to be processed in the flightworthiness algorithm. 
To calculate the weight of the aircraft and the positions of the attached vehicles from 
Eqs. (29) and (38), the recorded throttle percentages of the attached vehicles must be 
converted to thrust values. The thrust-throttle relationship was obtained experimentally by 
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attaching the individual vehicles to a Futek LCF300 loadcell and recording the produced 
force across the range of throttle percentages.  Figure 39 shows the results of the thrust-
throttle experiment for a particular vehicle when tested at high and low battery charge. The 
results generated at full battery charge and near empty battery charge were averaged to 
generate the predictive model. Figure 39 was used to provide a direct mapping between 
throttle percentage and generated thrust.   
 
Figure 39. Experimental Lift Vehicle Thrust-Throttle Mapping.   
For modular lift vehicles, such as the one shown in Fig. 36, there is a noteworthy 
tradeoff between the lift vehicles’ physical footprint on the composite aircraft, the weight 
of the vehicles, the lifting capacity of each vehicle, and the endurance of the composite 
aircraft. When selecting a power supply for the vehicles, it was desired that the aircraft 
determine flightworthiness while retaining sufficient battery charge for the subsequent 
stabilization and transportation of the payload. These considerations drove component 
selection for the lift vehicles and the overall aircraft design. Figure 40 shows an experiment 
in which a composite aircraft, with a thrust to weight ratio of 2 at maximum throttle, was 
 77 
commanded to perform 100 consecutive spin-up excitations. Each spin-up randomly 
assigned throttle percentages to the attached vehicles. At various points in the 100 spin-
ups, the resting voltage of each vehicle battery was measured, averaged, and then plotted 
as a function of the corresponding spin-up number. 
 
 
Figure 40. Composite Aircraft Endurance Experiment. 
Figure 40 shows that the aircraft was able to complete the 100 spin-ups without 
significantly depleting the onboard lithium polymer batteries. A maximum spin-up limit of 
100 was enforced for this algorithm and Fig. 40 shows that, given a thrust to weight ratio 
of 2, the composite aircraft was able to reach the limit with power to spare. What’s more, 
for the composite aircraft tested, flightworthiness determination typically required 20-30 
spin-ups. Figure 40 shows that for the range of 20 to 30 spin-ups, the composite vehicle 
still retains ~80% battery charge. These results affirmed and finalized the component 
selection for the modular vehicles.  
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In the experimental studies below, results are compared to a 6-degree-of-freedom model 
of the composite vehicle to further analyze the algorithm’s performance. The model 
parameters of the experimental system, including payload weight, inertia, and thrust-
throttle mapping, were measured and provided to the simulation for comparison studies. 
Several comparison cases were performed to verify accuracy of the simulation model with 
respect to the physical aircraft. Figure 41 shows one such experiment in which the time 
histories of the excitation angle, α(t), for the simulated and experimental systems are 
plotted against each other.   
 
Figure 41. Sample Comparison between Simulated and Experimental Excitation. 
Figure 41 shows strong agreement and enables a direct comparison between experimental 
and simulation results to be described below.  It is important to note that the thrust-throttle 
relationship and the number of attached vehicles are the only pieces of information required 
to determine flightworthiness for a given composite vehicle configuration.  
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CHAPTER 7. EXPERIMENTAL RESULTS 
7.1 Example Case Results  
For each of the three payloads, two example cases are presented, one flightworthy and 
one unflightworthy, in order to demonstrate the algorithm’s performance for differing 
payload geometries and inertial properties. For the flightworthy cases, the number of 
attached vehicles was selected to maintain a near-constant thrust to weight ratio for the 
aircraft. A hover throttle threshold of 75% was set to determine flightworthiness.  
The first set of results utilized the square payload and a set of three modular vehicles, 
shown on the left of Fig. 42.  The combined weight of the aircraft was 20.0 N yielding a 
thrust-to-weight ratio of 1.7 at maximum throttle.  
 
Figure 42. Flightworthy (left) and Unflightworthy (right) Configurations of the 
Rectangle Aircraft. 
Figure 43 shows the excitation history for the first example (flightworthy) case. The 
axes are labeled in the order that they are observed with the 0 axis representing spin-ups 
 80 
that excited about a contact point instead of a contact axis. The solid blue line shows the 
axis about which the composite vehicle excited for each of the spin-ups. The dashed red 
line shows the axes that the simulated composite vehicle excited about using the same 
commanded throttle rates, and the thick, dashed black line shows the points in the algorithm 
where the composite vehicle was commanded to excite about a particular axis (exploit 
phase).  
 
Figure 43. Excitation Axis History for Flightworthy Rectanglar Aircraft. 
For the first 11 spin-ups the algorithm was in the exploration phase and commanded 
random vehicle thrust ratios. From these random thrust ratios, the resulting excitation 
axis and thrust distributions were used to refine the probabilistic model of the aircraft. 
For this example case, the algorithm determined that two of the contact axes were parallel 
and, as a result, required that four total axes be observed before progressing to the exploit 
phase. After spin-up 11, the algorithm entered the exploitation phase and leveraged the 
Bayesian estimates to command excitation about the four discovered axes. With the 
exception of spin-up 7, the simulated composite vehicle directly matched the excitations 
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of the physical system. For the 7th spin-up the simulated system classified the excitation 
as occurring about a contact point. The discrepancy occurs due to uncertainty in the thrust 
throttle relationship and unmodeled flexibility of the composite aircraft.  In this case, the 
algorithm was able to generate the required data in 16 spin-ups. 
Figure 44 shows where the probabilistic model placed the vehicles on the hypothetical 
payload over the course of the 16 spin-ups. Initially, the vehicles are equally likely to be 
located in any of the locations defined about the hypothetical payload and, thus, originate 
at the geometric center. As the experiment progresses and excitations about different 
contact axes are observed, the probabilistic vehicle positions evolve to the final estimate. 
The solid lines in Fig. 44 show the progression of these estimates and the circles denote 
the final probabilistic estimates. The estimated positions in Fig. 9 show a strong agreement 
with the physical system and were successfully utilized to command excitation as desired 
in the exploit phase. Due to the small number of attached rotors, when excitation occurred 
the Bayesian updating process was able to easily identify which vehicles were most 
effective at producing moments about the differing axes. 
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Figure 44. Probabilistic Vehicle Placement History for Flightworthy Rectangle 
Aircraft. 
For a rectangular payload, all four axes must be observed and excited about in order to 
calculate the vehicle positions about the mass center of the aircraft. Figure 44 shows the 
contact axes that were observed by the algorithm. Due to imperfect sensor data and minor 
payload flexibility, the observed axes were 1.9°, 87°, 179.8°, and 273.3° instead of the 
expected 0°, 90°, 180°, and 270°. Nevertheless, these errors fell within acceptable bounds 
and the algorithm was able to determine that the sets of axes were parallel (leading to use 
of the parallel axes solution scheme in Section 3.3.2. Following execution of the 16 spin-
ups, the recorded thrust values and their associated axes of excitation were used to estimate 
the system weight and the vehicle positions.  In this case, the weight of the aircraft was 
computed with a relative error of 15.22% and 7.4% for the physical and simulated systems, 
respectively. Figure 45 shows the physical and simulated position estimates of the vehicles 
scaled by the correct physical dimensions, as well as the actual positions about the mass 
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center. For this case, both the experimental and simulated position estimates closely match 
the actual configuration.  
 
Figure 45. Vehicle Position Estimates for Flightworthy Rectangle Aircraft. 
To determine flightworthiness, the weight estimate and vehicle position estimates 
were substituted into Eq. (39) to calculate the throttle levels required to achieve a stable 
hover. The resulting minimum-norm throttle levels generated from the experimental and 
simulated aircraft were compared to the true throttle levels required for hover. These results 
are shown in Fig. 46. For this case, the near-even distribution of vehicles about the mass 
center results in relatively uniform throttle levels across the attached vehicles. Figure 46 
also shows that, due to the accurate weight and vehicle position estimates, the estimated 
throttle levels closely match the actual values. The RMS error of the experimentally-
derived and simulated throttle levels were 9.65% and 4.67% throttle, respectively. With a 
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predefined cutoff of 75% throttle, the algorithm classified this composite vehicle as 
flightworthy.    
 
Figure 46. Estimated and Actual Vehicle Hover Throttle Percentages for 
Flightworthy Rectangle Aircraft. 
  The second example used the same payload and vehicles as the first example, but 
reconfigured the vehicles as shown in the right of Fig. 42. Due to the non-negligible weight 
of the vehicles, this reconfiguration shifted the mass center location of the aircraft. 
Technically this configuration is flightworthy as, even with the shift, the required throttle 
levels to achieve hover are 68%, 45%, and 68%, respectively. However, while in ground 
contact the distribution of vehicles about the contact axes, as well as about the mass center 
location, play a critical role in determining flightworthiness. If the mass center and/or 
vehicles are located at disproportionate distances from each contact axis, then the 
probability of randomly exciting about all of the necessary contact axes decreases 
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significantly. The spin-up excitations for this example are shown in Fig. 12. For a 
rectangular payload, the algorithm must observe all four axes before progressing to the 
exploit phase. To classify an excitation direction as a contact axis, the aircraft must excite 
about the same contact axis twice (in order to filter out excitations that occur about a contact 
point). Figure 47 shows that the algorithm was able to excite about all four axes once but 
was unable to randomly excite about a fourth axis over the course of 25 spin-ups. Note in 
Fig. 47 that both the physical and simulated aircraft excited about a fifth axis despite the 
payload only having four contact axes. This axis actually represents excitation about a 
contact point.  Given the maximum exploration spin-up limit of 25 spin-ups, the algorithm 
ended with a recommendation to add vehicles or to redistribute the three currently attached.  
 
 
Figure 47. Excitation Axis History for Unflightworthy Rectanglar Aircraft. 
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The third and fourth example cases use the triangular payload. The triangle payload has 
a greater weight compared to the square payload, and thus additional vehicles were 
attached for the experimental trials.  
 
 
Figure 48. Flightworthy (left) and Unflightworthy (right) Configurations of the 
Trianglar Aircraft. 
The third example configuration is shown on the left of Fig. 48 and had a composite 
vehicle weight of 29.7 N and thrust-to-weight ratio of 1.8 at maximum throttle.  Figure 49 
shows the excitation history of the experimental and simulated systems for this 
flightworthy configuration. Note that there were multiple instances of disagreement 
between the experimental system and the simulated aircraft (spin-ups 5, 8, 10, 18, and 19). 
For these excitations, the experimental system detected that the excitations were not purely 
about a contact axes while, in simulation, contact axis excitations were observed. Despite 
these instances of disagreement, there was never a case where the experimental system and 
the payload excited about two different contact axes. The algorithm was able to generate 
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the required excitations in a total of 26 spin-ups, with five of the spin-ups not providing 
any useful data.  
 
Figure 49. Excitation Axis History for Flightworthy Trianglar Aircraft. 
Figure 50 shows the evolution of the probabilistic model over the course of the 
excitation. With a larger number of attached vehicles, the possible thrust distributions that 
lead to excitation about a given axis significantly increases. The higher dimensionality in 
thrust distributions can result in the propagation of misleading probabilistic placements of 
the individual vehicles about the hypothetical payload. Figure 51 shows that in this case, 
the probabilistic model did not yield vehicle placements close to the actual locations. This 
is not unexpected as there is no guarantee that the Bayesian likelihood estimates accurately 
represent the physical system; however, they were successfully used to command 




Figure 50. Probabilistic Vehicle Placement History for Flightworthy Triangle 
Aircraft (vehicles originate at origin at the start of the experiment). 
The three observed contact axes shown in Fig. 50 for the flightworthy triangular aircraft 
are linearly independent, and thus Eq. (29) was used to estimate the weight of the composite 
aircraft and the positions of the modular vehicles. For this example, Eq. (29) resulted in a 
weight error of 14% and 6% for the experimental and simulated cases, respectively. Figure 
51 shows the experimental and simulated position estimates of the modular vehicles. 
Again, the algorithm showed strong agreement between the estimated and actual positions. 
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Figure 51. Vehicle Position Estimates for Flightworthy Trianglar Aircraft. 
Figure 52 shows the estimated hover throttle values for this example case. For this 
aircraft, the estimated throttle percentages matched those of the actual system with an RMS 
error of 8.29% and 4.56% throttle for the experimental and simulated systems, respectively.  




Figure 52. Estimated and Actual Vehicle Hover Throttle Percentages for 
Flightworthy Triangle Aircraft. 
For the fourth example case, the previous triangular aircraft was altered by removing 
one of the vehicles. This configuration is shown in the right of Fig. 48. With four attached 
vehicles, the total thrust to weight ratio for the aircraft decreased to 1.7.  
 
Figure 53. Excitation Axis History for Unflightworthy Trianglar Aircraft. 
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Figure 53 shows the excitation history of the experimental and simulated aircraft.  Ten 
spin-ups were required to observe each of the three axes twice. Even with a single vehicle 
removed, the aircraft was able to sufficiently vary the equivalent thrust vector to excite 
about all contact axes. Despite multiple excitations about contact points (spin-ups 3, 7, 20, 
and 21) the algorithm was able to gather the required axis excitation data.  The resulting 
weight errors were 11% and 9% for the experimental and simulated systems, respectively, 
with vehicle position estimates shown in Fig. 54.  Figure 55 shows the computed required 
hover throttle levels, where it is evident that Vehicle 4 exceeds the acceptable threshold 
and the configuration is deemed unflightworthy.  As expected, the removal of one of the 
vehicles had a large skewing effect on the throttle levels required to achieve stable hover, 
and even though the thrust-to-weight ratio is acceptable the arrangement of the vehicles 




Figure 54. Vehicle Position Estimates for Unflightworthy Triangle Aircraft. 
 
Figure 55. Estimated and Actual Vehicle Hover Throttle Percentages for 
Unflightworthy Triangle Aircraft. 
 93 
The final two example cases were performed using the pentagon-shaped payload. The 
pentagon payload was designed to be the heaviest of the three payloads, and thus all 6 
vehicles were used for the flightworthy configuration shown on the left of Fig. 56 (resulting 
in a thrust to weight ratio of 1.84).  
 
Figure 56. Flightworthy (left) and Unflightworthy (right) Configurations of the 
Pentagon Aircraft. 
The spin-up excitations for the experimental and simulated aircraft are shown in Fig. 
57. Although the payload has five contact axes, the algorithm only requires excitations only 
about three to complete the flightworthiness evaluation. The algorithm explores until three 
axes have been identified, then progresses to the exploitation phase without checking for 
the existence of additional axes. Figure 57 shows a significant percentage of excitations 
about a contact point (approximately 1/3) which provided no useful information to the 
algorithm.  As demonstrated by this case, as the number of contact axes increases it 
becomes increasingly difficult to command excitation about a particular desired axis. Also, 
with more contact axes, there is a greater probability that the thrust vector will be located 
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in a region that leads to excitation about a contact point. Figure 58 illustrates this point 
using a pentagon payload with a geocentric mass center location.  The color-coded regions 
show the areas in which the equivalent thrust vector has the greatest moment arm with 
respect to the corresponding color-coded contact axis. As the equivalent thrust vector 
approaches the boundary between two of the colored regions, there is an increasing 
probability that the aircraft will excite about a contact point as opposed to one of the contact 
axes.  For an N-sided polygon, as the number of contact axes N grows, the highlighted 
regions become smaller and there are more boundaries between regions, leading to a higher 
likelihood of contact point excitation and a smaller area to place the equivalent thrust to 
achieve excitation about a desired axis. 
 




Figure 58. Equivalent Thrust to Excitation Axis Mapping for Pentagon Payload. 
This experiment resulted in weight estimation errors of 39.89% and 2.2% for the 
experimental and simulated systems, respectively. Figure 59 shows the estimated positions 
of the attached vehicles about the mass center location of the aircraft. While the estimated 
positions still clearly correspond to the actual locations, there is larger error with respect to 
the true position. The increasing weight and position estimate errors can be readily 
explained by the increasing inertia of the payload and the larger number of attached 
vehicles, which increase the system’s sensitivity to model and parameter uncertainty as 
shown by Eq. (58) in the previous Error Analysis section.  
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Figure 59. Vehicle Position Estimates for Flightworthy Pentagon Aircraft. 
Figure 60 shows the results of the flightworthiness analysis of Eq. (39). The large 
overpredictions of throttle levels for Vehicles 2, 4, and 5 can be explained by the sizeable 
overprediction in the aircraft’s weight. Also, as the error in estimated vehicle positions 
grows, there is larger disagreement between the true required throttle values and the 
estimated throttle required. The RMS errors for the experimental and simulated systems 
were 21.6% and 9.13%, respectively. Despite these errors, all vehicle hover throttles were 
correctly estimated below the 75% throttle limit and, thus, the aircraft was deemed 
flightworthy.   
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Figure 60. Estimated and Actual Vehicle Hover Throttle Percentages for 
Flightworthy Pentagon Aircraft.  
The final example case used the payload and vehicle distribution from the previous 
example, except two vehicles were removed yielding a thrust to weight ratio of 1.53. This 
configuration is shown on the right side of Fig. 56. The history of axis excitations is shown 
in Fig. 61. Compared to the previous example case, this experiment observed a different 
set of three axes to use in the flightworthiness algorithm. This experiment yielded weight 
estimation errors of 8% and 7% for the experimental and simulated vehicles, respectively.  
The estimated vehicle positions shown are shown in Fig. 62, with the flightworthiness 
analysis shown in Fig. 63. Despite the four vehicles being evenly placed about the mass 
center of the aircraft, the low overall thrust-to-weight ratio of the aircraft leads to higher-
than-acceptable throttle percentages. This particular aircraft was classified as 




Figure 61. Excitation Axis History for Unflightworthy Pentagon Aircraft. 
 




Figure 63. Estimated and Actual Vehicle Hover Throttle Percentages for 
Unflightworthy Pentagon Aircraft. 
7.2 Monte Carlo Results 
Due to the random nature of the exploration phase and the significant role that the 
probabilistic model plays in the flightworthiness algorithm, a set of Monte Carlo results 
are generated to measure the expected performance of the algorithm. The three 
flightworthy configurations presented in the previous section were chosen for these 
studies as each has different inertial properties and numbers of attached vehicles. As 
discussed in the error analysis section, these parameters affect the weight and vehicle 
position error sensitivity to uncertainty. Table 2 lists the numbers of attached vehicles, 
the total mass, and the average contact axis inertia for the three aircraft.  
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Attached Vehicles 3 5 6 
Total Weight (N) 20.9 30.5 37.4 




0.20 0.29 0.731 
 
For each aircraft, 15 flightworthiness determination experiments were performed. 
Each of the 15 experiments used the same aircraft but randomized the throttle 
distributions used in the exploration phase. The metrics used to quantify the results were 
the excessive number of spin-ups required to determine flightworthiness and the RMS 
hover throttle errors. The excessive spin-up metric quantifies the degree to which the 
machine learning approach was able to generate the required thrust data set, while the 
RMS throttle error measures the accuracy of the static analysis approach in determining 
flightworthiness. These metrics are compared to results generated from the simulated 
model using the same throttle rate commands.  
Figures 64-66 and Table 2 show the vehicle position estimates from the series of 
experiments compared to simulation results. In each figure, the actual vehicle positions 
are denoted by solid circles and the estimated positions by the +’s. The dashed circles 
show the constant radius areas which capture 93% (approximately 2 standard deviations) 
of the estimates. The mean error (accuracy) of the estimates, shown as the distance 
between the centers of the solid and dashed circles, is a result of the constant bias 
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introduced by weight estimation error. The distribution, or precision, of the estimates 
around this mean are a result of the varying throttle rates of the vehicles used in each 
spin-up experiment and grow with the aircraft inertia about the contact axes and the 
number of attached vehicles. As seen by the increasing radii of the dashed circles and the 
increasing distance between the centers of the two circles in Figs. 64-66, there is a 
deterioration of estimation accuracy and precision as the payload size and number of 
attached vehicles is increased.  
 
Figure 64. Vehicle Position Estimates for Square Aircraft. 
The results in Fig. 64 and Table 3 show that, for the rectangular payload, the algorithm 
was able to fairly accurately place the vehicles over the course of the 15 experiments. The 
relatively low inertia of the rectangular payload reduces sensitivity to sources of error (as 
shown in Eq. (58)), resulting in good position estimates and favorable correlation with 
simulation results as shown in Table 3.  Figure 65 and Table 3 show the position estimation 
results for the second aircraft. For this configuration, the mean position estimation error is 
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over twice as large as for the rectangular payload. As discussed in the error analysis section, 
a larger number of vehicles increases sensitivity to sources of uncertainty which, in turn, 
results in a larger weight estimation error. From Eq. (58), the weight estimation error acts 
as a source of constant bias and can be expected to increase the mean positioning error 
value. Note that the similar precision of the estimates (radii of the dashed lines) between 
the rectangle and triangle cases in this section can be explained by the proportionate 
increase in aircraft weight and contact axis inertia. From Eq. (58), increasing aircraft 
weight reduces sensitivity to uncertainty, while increasing contact axis inertia increases it. 
From the rectangular aircraft to the triangular aircraft both these quantities increase by 
approximately 50%, effectively negating the effects of one another in the context of vehicle 
position estimation error.  
 




Figure 66. Vehicle Position Estimates for Pentagon Aircraft. 
As expected, the pentagon aircraft, which has the largest inertia and number of attached 
vehicles, exhibited the poorest estimation accuracy. The results for this case are shown in 
Fig. 66 and Table 3.  Although the weight increase from the triangle aircraft to the pentagon 
aircraft was approximately 20%, the average contact axis inertia increased by 150%. This 
increase, coupled with an additional lift vehicle, resulted in reduced accuracy of both 
precision and accuracy of the vehicle position estimates. 
For all aircraft, the vehicle position estimates, along with the aircraft weight estimates, 
were used to compute the hover throttle RMS error shown in Table 3.  As expected, the 
RMS throttle error of the pentagon vehicle suffers as a result of the poor weight and vehicle 
position estimates. Compared to the experimental systems, the simulated aircraft had 
perfect knowledge of the vehicle thrust and was able to mitigate a substantial portion of 
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the weight and hover throttle error. Overall, Table 3 shows the general trends and expected 
consequences of increasing the inertia of the payload and adding additional lift vehicles. 
Table 3 shows that, for all aircraft, the algorithm was able to determine flightworthiness 
using on average five or less excessive spin-ups. Once again, this highlights the utility of 
the probabilistic model in driving contact axis excitations.  
 




 (exp / sim ) 
Triangular 
Payload 
  (exp / sim ) 
Pentagon 
Payload 
  (exp / sim ) 
Weight Error (%) 9.3  / 9.6 14.3 / 7.9  28.7 / 9.8 
RMS Throttle Error (%) 9.9 / 6.5 11.8 / 7.4  16.7 / 10.6 
Position Estimate 
Mean Error (m) 
0.06 / 0.01 0.12 / 0.07 0.20 / 0.13 
Position Estimate  
2σ Radius (m) 
0.11 / 0.06 0.13 / 0.09 0.30 / 0.33 
Excessive Spin-ups  4.1 / - 3.7 / - 5.3 / - 
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CHAPTER 8. CONCLUSION 
This work introduced an algorithm to determine flightworthiness of a composite aircraft 
with unknown inertial properties and attached vehicle locations. The flightworthiness 
algorithm first attempts to discover and excite about discrete contact axes of the composite 
aircraft through a machine learning component that provides axis effectiveness scores for 
each attached vehicle. Next, the algorithm utilizes the thrust data collected during the 
excitations to estimate the weight of the aircraft and the positions of the attached vehicles. 
Using these estimates, the algorithm determines whether or not the current vehicle 
configuration is flightworthy. The algorithm was evaluated using a dynamic simulation of 
the composite aircraft. The simulations incorporated a ground contact model to accurately 
capture the dynamic motion of the aircraft throughout the flightworthiness determination 
algorithm. Through Monte Carlo simulations, the algorithm’s performance was shown to 
depend on the number of successful excitations to mitigate thrust errors, a sufficient thrust-
to-weight ratio to avoid vehicle saturation, and a reasonably centralized mass center 
location to enable excitation about the required number of contact axes. With a sufficiently 
high thrust-to-weight ratio and mass center location within certain bounds, the algorithm 
was shown to accurately estimate the weight and vehicle positions in a reasonable number 
of spin-ups such that the algorithm can execute in an efficient manner. A practical 
implementation of the algorithm is demonstrated using a set of constructed payloads and 
prototype vertical lift vehicles. The performance of the algorithm was demonstrated for a 
range of flightworthy and unflightworthy composite aircraft. The differing sources of 
estimation error are analyzed mathematically and explored through a series of 
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flightworthiness experiments. Overall, the algorithm is shown to be a useful tool in 
determining flightworthiness of a composite aircraft and in providing an initial estimate of 
aircraft weight and vehicle locations to be used in subsequent flight control strategies.  
Currently, the output of the algorithm is a simple yes or no response regarding the 
flightworthiness of the composite aircraft. Future work could augment the current 
algorithm to directly recommend a direction to add or rearrange vertical lift vehicles in 
scenarios where the composite aircraft was found to be unflightworthy. Additionally, future 
work could investigate a method to ensure that all vehicles are operating as expected and 
to detect if a vehicle has failed. This could potentially be accomplished by analyzing the 
vehicle position estimates and the associated error magnitudes in the least-squares 
calculation. The algorithm, as described, was designed to be ran on any composite aircraft 
that adheres to the listed assumptions. Future work could consider a specific class of 
payloads, constrained in scale and/or in geometry, and analyze the corresponding 
performance of the flightworthiness algorithm. By enforcing constraints on potential 
payloads, additional studies could be conducted to explicitly define the performance 
bounds of the algorithm as a function of the various user-defined parameters. Finally, future 
work could integrate this flightworthiness algorithm with an on-board flight controller. The 
output of the algorithm, the flightworthiness determination and the associated aircraft 
weight and vehicle position estimates, could be directly fed to the flight controller as initial 
parametric estimates to be refined in-air.  This way, full autonomy would be achieved 
through takeoff and hover.  
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APPENDIX A. AIRCRAFT WEIGHT ESTIMATION 
In order to use Eq. (29) and obtain a least squares estimate of the vehicle placements 
about the mass center of the aircraft, the weight of the aircraft must be calculated. From 
the Vehicle Placement Algorithm section, this is accomplished by explicitly writing out 
the squared error term of the estimate as a function of the aircraft weight. This way, the 
weight of the aircraft can be solved for as the value that minimizes the squared error term 
(Eqns. (32-36)). In computing the error squared term, the terms on the righthand side of 
Eq. (33) can be expressed by 
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are scalar values containing the summation of thrusts used to excite about axes a and b. By 
plugging these expressions into Eq. (33) and using a symbolic solver, the error squares 
term as a function of W is expressed by Eq. (34). The complex functions, c1 – c6, are defined 
as 
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